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Supervised Learning by Training on Aggregate
Outputs

David R. Musicant, Robert Atlas, Janara M. Christensen, Jamie F. Olson, Jeffrey M. Rzeszotarski,
Emma R. D. Turetsky

Abstract—Supervised learning is a classic data mining problem where one wishes to be able to predict an output value associated with
a particular input vector. We present a new twist on this classic problem where, instead of having the training set contain an individual
output value for each input vector, the output values in the training set are only given in aggregate over a number of input vectors.
This new problem arose from a particular need in learning on mass spectrometry data, but could easily apply to situations when data
has been aggregated in order to maintain privacy. We provide a formal description of this new problem for both classification and
regression. We then examine how k-nearest neighbor, neural networks, support vector machines, and decision trees can be adapted
for this problem.

Index Terms—Data mining, classifier design and evaluation.
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1 INTRODUCTION

Supervised learning is a classic data mining problem
where one wishes to be able to predict an output value
associated with a particular input vector. A predictor is
constructed via the use of a training set, which consists
of a set of input vectors with a corresponding output
value for each. This predictor can then be used to predict
output values for future input vectors where the output
values are unknown. If the output data is continuous,
this task is referred to as regression. If the output data is
nominal, this task is referred to as classification [1].

An important application that we are currently en-
gaged in is the analysis of single particle mass spec-
trometry (SPMS) data. A typical SPMS dataset consists
of a series of mass spectra, each one of which is as-
sociated with an aerosol particle. One important goal
to the SPMS community is to be able to use the mass
spectrum associated with an individual aerosol particle
to be able to predict some other quantity associated with
that particle. For example, we are interested in being able
to identify the quantity of black carbon (BC) associated
with an individual aerosol particle. While SPMS data
provides detailed mass spectra for individual aerosol
particles, these spectra are not quantitative enough to
allow one to precisely identify the amount of BC present
in a particle. Alternatively, filter-based machines can
collect quantitative BC data, but in aggregate form.
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These devices allow one to determine how much BC
has been observed in aggregate over a particular time
span, typically on the order of an hour. SPMS data, on
the other hand, may be collected for individual particles
(non-aggregate data) many times per minute. Our goal
is to be able to predict the quantity of BC present in an
individual aerosol particle. Therefore, the mass spectra
associated with individual particles become our input
vectors, and the quantities of BC become our output
values. This would appear to be a traditional regression
problem, but there is a key difference. The challenge that
we face is that we do not have a single output value
for each input vector. Instead, each output value in our
training set represents the sum of the true output values
(which are unknown to us) for a series of input vectors
in our training set. We wish to learn a predictor that
will still produce individual output values for each new
input vector, even though the training set only contains
these output values in aggregate.

We present a new framework for this supervised learn-
ing problem, which we refer to as the aggregate output
learning problem. We develop both a classification and a
regression version, and show how a number of popular
supervised learning algorithms can be adapted to build
predictors on data of this sort. While we arrived at the
need for this algorithm from a particular scientific ap-
plication, this framework would easily apply to training
data which has been aggregated for purposes of privacy
preservation, or in any situation where one can label a
training set by making estimates on totals or proportions
as opposed to labeling individual instances.

There are two key contributions of this paper. First,
we present a formal framework for this machine learn-
ing problem that describes both a classification and a
regression version of the problem. Second, we adapt four
classic algorithms, namely k-nearest neighbor, neural
networks, support vector machines, and decision trees,
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for use under this scenario and show that they perform
the task well. Whereas this problem seems to have been
considered with relatively specialized algorithms and/or
additional assumptions (see section 2), our particular
approach adapts traditional straightforward and well-
known supervised learning algorithms with no extra
assumptions on test set knowledge.

In the next section, we examine related work on this
subject. We then follow it by precisely defining the
aggregate output learning problem, and then present
the details for how a number of standard supervised
learning algorithms can be adapted to work for this
problem. Finally, we present experiments on a number
of datasets to show the efficacy of our approach.

2 PREVIOUS WORK

The aggregate output learning problem certainly bears
some similarities with other well-known learning prob-
lems, but has significant differences as well. The unsu-
pervised learning problem has no output values at all,
whereas the supervised learning problem has a distinct
output value for each individual input vector in the
training set [2], [3]. Semi-supervised learning [4], [5]
describes a scenario somewhat between the two, where
some of the input vectors have associated output val-
ues (as in supervised learning), but others do not (as
in unsupervised learning). This is rather distinct from
our aggregate output learning problem where all input
vectors are associated with an output value, but multiple
input vectors map to the same output value which
represents the sum of the actual (unknown) output val-
ues. Moreover, our problem is different from the others
described above in that the granularity of the output
values is different in the training set than in the test set.
In the training set, output values are aggregated over
multiple input vectors. In the test set, each input vector
has its own output value.

Multiple-instance learning [6] is similar in a number
of ways to the aggregate output learning problem. In
multiple-instance learning, collections of input vectors
also have only a single output value, but this output
value is chosen to be positive only if at least one of
the underlying unknown output values is positive. This
contrasts with out scenario, where the output values are
a sum or a count.

Other forms of aggregate learning seem to have been
examined, though they differ from the form we discuss
here. Arminger et. al. propose using log-linear models
to disaggregate data with a similar model to ours, but
their framework is based on the idea of filling in missing
data in the training set. Their approach does not seem
to generalize easily to a test set [7]. Quadrianto et. al.
[8] present an approach that requires knowledge of the
class distribution in the test set, an assumption that is
not part of our framework. McGrogan et. al. consider an
approach where the training set contains an individual
output value for each input vector, but this output value

Age Income Weight Savings?
50 75000 220
30 56000 180 1,900,000
50 60000 170
48 40000 150
22 45000 160
25 50000 180 400,000
23 38000 165
24 61000 190

Age Income Weight Savings?
40 48000 170 ?
29 60000 180 ?
57 18000 195 ?

TABLE 1
Sample regression training and test sets. In the training

set, output values are known only in aggregate.

is an aggregate over multiple measurements [9]. Yang
et. al. look at learning with aggregates only in order
to preserve privacy [10]. An approach by Chen et. al.
examines learning from multiple aggregate tables each
derived from an underlying common dataset [11]. This
probabilistic approach is different from our scenario in
this paper in that we do not assume that the input
vectors within an individual aggregation collection share
feature values. This last difference also contrasts our
approach with a number of ideas from the statistical
literature such as iterative proportional fitting [12].

Finally, we note that a portion of this paper has
appeared previously as a conference publication [13].

We now move on to provide a formal framework for
the problems that we consider.

3 PROBLEM FORMULATIONS

3.1 Regression
Table 1 shows a sample dataset for this framework.
Suppose that we are given a training set that consists
of input vectors {xci}, where each xci has an unknown
real-valued output value yci. We are given, however, a
set of aggregate output values yc, where we know that
for a fixed c, yc =

∑
i yci. (The subscript c indicates

an aggregate collection, and the subscript i identifies a
particular data point within that collection.) The goal is
the same as for the traditional regression problem. We
wish to learn a predictor f , using the training set only,
that performs well on unseen test data drawn from the
same source. In other words, for a test input vector x
with output value y, we desire f(x) ≈ y. (The precise
criterion varies with the learning algorithm.) Note that f
operates on a single input vector and produces a single
output value, though the training set contains output
values aggregated over multiple input vectors. The test
set contains unaggregated output values.

3.2 Classification
Though regression is perhaps the more natural approach
for thinking about the aggregate output learning prob-
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Age Income Weight Beer over Wine?
50 75000 220
30 56000 180 3 Yes
50 60000 170 1 No
19 2000 150
32 60000 160
35 90000 180 1 Yes
60 85000 165 3 No
53 92000 190

Age Income Weight Beer over Wine?
40 48000 170 ?
29 60000 180 ?
57 18000 195 ?

TABLE 2
Sample classification training and test sets. In the

training set, classifications are known only in aggregate.

lem, we present a classification version of it as well.
First, we point out that the traditional classification

problem, in general, allows each input vector to belong
to one of an arbitrary number of classes. We constrain
ourselves in this paper to the binary classification prob-
lem, where each input vector belongs to one of two
possible classes.

Table 2 shows a sample dataset for our framework.
Suppose that we are given a training set of input vectors
where each has an unknown output value (also known
as the class label). This output value is a “yes” or a
“no,” depending on to which class its corresponding
input vector belongs. The training set is divided into
collections of input vectors where aggregate output val-
ues are known for each collection. More precisely, we
suppose that our training set consists of input vectors
xci, where the subscript c indicates to which collection
the input vector belongs, and the subscript i identifies a
particular input vector within that collection. We further
suppose that we are given a set of aggregate output
values yc and ȳc, where for an individual collection c, yc

is the number of “yes” values and ȳc is the number of
“no” values. The goal is the same as for the traditional
classification problem. We wish to learn a predictor f ,
using the training set only, that performs well on unseen
test data presumably drawn from the same source. In
other words, for a set of test input vectors {xj} with
unknown output values {yj}, we desire f(xj) = yj

often. (The precise definition of “often” varies with the
learning algorithm.) Note that f operates on a single
input vector and produces a single output value, though
the training set contains output values aggregated over
multiple input vectors.

4 ALGORITHM UPDATES

We now describe in detail how four popular supervised
learning techniques can be updated for the aggregate
output learning problem in classification and regression
scenarios. k-nearest neighbor is an exceedingly simple

algorithm to use, and its adaptation is similarly straight-
forward. Support vector machines require the formula-
tion of a quadratic programming optimization problem,
and so we present new reformulations of these opti-
mization problems to address our scenario. Neural net-
works traditionally use the backpropagation algorithm
[1], [14] to find the local minimum for a quadratic loss
optimization problem. We present modifications to the
classic backpropagation algorithms to handle our new
problem, and similarly show how radial basis networks
can be adapted for the regression problem. Decision
trees typically use a particular criterion to determine on
which feature and values to split a node. We suggest
new criteria adapted for building decision trees in the
aggregate scenario.

It should be noted that we make no claims that these
new approaches are optimal techniques for solving the
aggregate output learning problem. We believe that one
of the main contributions of this paper is the formulation
of this new problem for the community as well as for
our particular application, and therefore we present a
first effort at solving this problem via modifications to
traditional algorithms.

4.1 k-Nearest Neighbor: Classification

The k-nearest neighbor algorithm is a remarkably simple
yet effective approach for classification [2], [3]. The algo-
rithm requires the choice of a parameter k, representing
the number of neighbors to be used, and a distance
metric for quantifying the difference between input ex-
amples. In the traditional supervised learning approach,
for a particular test input vector its k nearest neighbors in
the training set are determined. As each of these nearest
neighbors already has an output value, the test point is
assigned the output value represented by a majority of
the nearest neighbors.

Our adaptation of k-nearest neighbor, in both the clas-
sification and regression case, is exceedingly straightfor-
ward and perhaps obvious. We present it here as an in-
structive example to help reinforce our general approach
before addressing the more complex algorithms. We also
present it for experimental comparison purposes.

For the classification version of the aggregate output
learning problem, for a particular test input vector one
can find a set of k nearest neighbors in the training set
in precisely the same way as one does for the traditional
algorithm. The difference is that each nearest neighbor
xci belongs to a set of training input vectors for which
only an aggregate yc and ȳc is known. We resolve this
by creating an artificial output value for each nearest
neighbor xci, which is defined as the proportion of
“yes” classifications for the entire collection to which
it belongs. In other words, if we define nc to be the
number of input vectors xci in aggregate collection c,
we define for each input vector xci an artificial output
value of ỹci = yc

nc
. We then average ỹci over all k nearest

neighbors to produce our estimated y for our test point.
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If this is greater than one-half, we classify the test point
as a “yes”; otherwise, we classify it as a “no.” Note that if
one has knowledge that leads one to believe that the test
set has a different ratio of “yes” to “no” than the training
set does, one can change the threshold accordingly.

This approach is mathematically equivalent to think-
ing of “yes” as a 1, “no” as a 0, and applying the
regression technique described below.

4.2 k-Nearest Neighbor: Regression
The k-nearest neighbor algorithm can also be used for
traditional regression problems. Instead of using a major-
ity rule amongst the neighbors, the output values from
all nearest neighbors are averaged together.

Adapting the regression form of k-nearest neighbor for
our aggregate output learning problem is quite similar to
the adaptation we do for classification. Again, we point
out that k-nearest neighbor is a particularly simplistic ap-
proach: we demonstrate this for instructional purposes
before proceeding to more complex algorithms. For a
particular test input vector one can find a set of k nearest
neighbors in the training set in precisely the same way
as one does for the traditional algorithm. The difference
is that each nearest neighbor xci belongs to a set of
training input vectors for which only an aggregate yc is
known. We resolve this by creating an artificial output
value for each nearest neighbor xci, which is defined
as the average of the output value across the entire
aggregate collection to which it belongs. In other words,
if we define nc to be the number of input vectors xci

in aggregate collection c, we define an artificial output
value ỹci = yc

nc
. We then average ỹci over all k nearest

neighbors to produce our estimated y for our test point.
This approach is mathematically equivalent to prepro-

cessing the training set by assigning to each point an
output value equal to the average output value for its
aggregate collection, and proceeding with the traditional
k-nearest neighbor algorithm. A considerable deficiency
with using k-nearest neighbor in this way is that the al-
gorithm does not allow the learner flexibility in distribut-
ing the aggregate output value for a collection unevenly
throughout the points in that collection. This issue is
addressed well, however, by our other approaches.

4.3 Neural Network: Classification
We first describe the traditional neural network for clas-
sification [1], [14] to establish our notation. We will be
changing some of the notation that we used in the k-
nearest neighbor case as we define the neural networks,
as our primary goal is to make each algorithm as simple
and understandable as possible. We are given an input
vector x, where xi represents the i-th component of the
vector x. Each input dimension connects to a series of
hidden nodes with weights wij . An activation function
g(·), typically a sigmoid in practice, is used to process the
output of each node. The output of each hidden node is
denoted as aj . Each hidden node, in turn, connects to a

series of output nodes with weights vjk. The output from
each output node ok is similarly preprocessed with the
same activation function g(·). A sigmoid typically has a
constant threshold parameter. We adopt the usual strat-
egy of representing that parameter via an artificial input
dimension of constant value [1], [14]. More precisely, the
output for a particular output node ok is determined as
ok = g(

∑
j vjkaj), and the output for a particular hidden

node aj is determined as aj = g(
∑

i wijxi).
For the aggregate output learning problem, we wish

to retain this traditional neural network. The test set will
consist of individual points, so a network of this form
makes sense. The training procedure must differ, how-
ever, since the training set contains outputs for aggregate
collections instead of for individual points. We therefore
derive an update to the traditional backpropagation
algorithm [1], [14].

The traditional backpropagation algorithm requires,
for a particular input vector x, the comparison of an
output ok with the actual output yk. Neural networks
allow for multiple outputs, which we have not addressed
in our framework or other algorithms in this paper.
Since including multiple outputs is straightforward for
neural networks, we leave this possibility in as we
work though our derivations. We therefore define yk

to be the k-th desired output. The key difference we
face from the traditional approach is that we only have
an output yk for an aggregate collection that contains
a number of input vectors. For a particular aggregate
collection, we will use the notation x`i to represent
the `-th input vector’s i-th component. Similarly, we
represent the output of each hidden node for each input
vector as a`j = g(

∑
i wijx`i), and output k for an entire

aggregate collection as ok =
∑

` g(
∑

j vjka`j). This is
similar to the traditional approach, but the presence
of the summation over the subscripts ` requires us to
develop modifications to backpropagation to handle this
new learning problem.

In order to determine the optimal weights, we start
with the output layer. For a particular aggregate collec-
tion, the error is defined as:

E = 1
2

∑
k(yk −

∑
` g(

∑
j vjka`j))2 = 1

2

∑
k e

2
k (1)

where we define ek to be the difference between the
expected output and the actual. Denoting fixed indices
by capital letters, we find the gradient by taking the
partial derivative with respect to a particular weight vJK

as:
∂E

∂vJK
= −eK

∑
`

∂
∂vJK

g(
∑

j vjKa`j)
= −eK

∑
` g
′(

∑
j vjKa`j)a`J

(2)

We therefore define the propagation update rule for vJK

as:

vJK := vJK + αeK

∑
` g
′(

∑
j vjKa`j)a`J (3)

where α is a learning rate parameter [14]. Similarly, we
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can derive an update rule for each weight wIJ as:
∂E

∂wIJ
= −

∑
k[ek

∑
`

∂
∂wIJ

g(
∑

j vjka`j)]
= −

∑
k[ek

∑
` g
′(

∑
j vjka`j) ∂

∂wIJ

∑
j vjka`j ]

= −
∑

k[ek

∑
` g
′(

∑
j vjka`j) ∂

∂wIJ

∑
j vjkg(

∑
i wijx`i)]

= −
∑

k[ek

∑
` g
′(

∑
j vjka`j)

∑
j vjkg

′(
∑

i wijx`i)
× ∂

∂wIJ

∑
i wijx`i]

= −
∑

k[ek

∑
` g
′(

∑
j vjka`j)vJkg

′(
∑

i wiJx`i)x`I ]
(4)

We therefore define the propagation update rule for wIJ

as
wIJ := wIJ + α

∑
k[ek

∑
` g
′(

∑
j vjka`j)

× vJkg
′(

∑
i wiJx`i)x`I ]

(5)

With these updated rules, we proceed in a similar
fashion to traditional neural network backpropagation.
For each aggregate collection, we determine the output
from the neural network for each point, aggregate, and
compare with the expected output for that collection.
The backpropagation update rules then indicate how to
update the weights. We iterate over the dataset repeat-
edly until the error changes by less than a predefined
threshold. The key difference between these update rules
and the traditional ones is the appropriate usage of the
summations over `, which represent the multiple points
in an aggregate collection.

In contrast with the k-nearest neighbor approach de-
scribed earlier, this approach does not require the total
aggregate output for each collection to be averaged
evenly across that collection in some fashion. Instead,
this approach only attempts to constrain the total output
across a collection to approximate that in the training set.

4.4 Neural Network: Regression
In order to use neural networks for regression, we adopt
the radial basis function network approach [15]. In this
scenario, under the traditional approach we are given an
input vector x, where xi represents the i-th component
of the vector x. Each input dimension connects to a
series of hidden nodes with weights wij . The output
of each hidden node (denoted as aj) is the distance
between the input vector x and the associated weights
w·j, post-processed by a radial basis function. A linear
combination of the outputs from the hidden nodes (with
weights vj) yields the output from the network. We
adopt the usual strategy of representing the threshold
term in this linear combination via an additional hidden
node that always outputs a value of 1 [1].

More precisely, the output o associated with a partic-
ular input vector x is determined as o =

∑
j vjaj , where

the output for a particular hidden node aj is determined
as

aj = e
−
∑

i
(xi−wij)

2

2σ2 (6)

where σ is a parameter. For the aggregate output learn-
ing problem, we wish to use this same network structure.
As in the classification case, the test set will consist of
individual points, so a network of this form makes sense.

The training procedure must be reexamined, however,
since the training set contains outputs for aggregate
collections instead of for individual points.

The traditional approach for training RBF networks is
to first choose the weights for the hidden nodes via a
clustering algorithm. The output of each hidden node
is effectively a measure of how close an input vector is
to the point represented by the weights for that node.
Therefore, choosing hidden nodes whose weights repre-
sent “prototypes” for points in the training set makes
sense [15]. This means that this stage of the training
process does not need to change at all for our aggregate
output learning problem: the difference in our training
set and a traditional one lies in the fact that the output
values are aggregated, but not the input vectors. It is
precisely because clustering is an unsupervised procedure
that we can leverage it unchanged.

The second stage of training an RBF network, once the
weights for the hidden nodes have been determined, is
to find optimal values for the weights vj . We seek to
minimize the error over all aggregate collections. This
total error can be represented as

E = 1
2

∑
c(yc −

∑
`∈c

∑
j vja`j)2 (7)

where yc is the output value for aggregate collection
c, a`j is the output from hidden node aj associated
with the `-th input vector in aggregate collection c, and
(with a slight abuse of notation), ` ∈ c represents the
indices of the data associated with aggregate collection
c. The summation over c is understood to run over all
aggregate collections.

The weights from the first layer of the network remain
fixed, so the terms yc and a`j in the above error are
fixed. Optimizing for the best values of vj is therefore
a straightforward unconstrained quadratic optimization
problem.

As in the classification case, this new version of an RBF
is quite similar to the traditional methodology, and the
algorithms for using it are similar. But again, it should
be pointed out that this new approach differs from the
original in that it does not constrain the output from
each individual input vector to match a predetermined
output, but rather constrains sums of the outputs from
collections of input vectors to match given training set
values.

4.5 SVM: Classification
In developing an SVM approach for solving the classifi-
cation version of the aggregate output learning problem,
we observe that the problem is similar in some ways
to the semi-supervised learning problem [4], [5]. The semi-
supervised learning problem consists of both labeled
and unlabeled training data, and the goal is to use the
unlabeled data to improve classification accuracy over
using just labeled data. In our problem, none of the
data is labeled individually, but a count of the number
of labels of each type is provided for each aggregate
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set. These two problems are not the same, but work by
Bennett and Demiriz on the semi-supervised problem
[4] yields insights on how to appropriately adapt linear
SVMs for use with unlabeled data. Our approach heavily
leverages their ideas. Therefore, we only consider linear
support vector machines in this work.

We again shift our notation slightly for clarity of
exposition. The standard SVM for classification [16] is

min(w,b,ξ≥0)
1
2 ||w||

2
2 + C

∑
i ξi

s.t. yi(w · xi − b) + ξi ≥ 1 (8)

where the subscript i ranges over all training rows,
xi represents a particular training input vector, and
the vector w and scalar b represent the coefficients of
the separating hyperplane. ξi is a measure of the error
associated with the output from input vector xi, and C
is a user chosen parameter that balances the tradeoff of
accuracy against overfitting. yi is a 1 or a −1, depending
on to which class the training point belongs.

For the aggregate output learning problem, we do not
know to which class each training point belongs. We
do know how many points from each class that there
are supposed to be in each aggregate collection, though.
Therefore, similar to Bennett and Demiriz [4], we modify
the above quadratic program to the following mixed
integer program. Here, we use the indicator variable di

to be a 1 if the point is in class 1 and 0 if the point is in
class −1:

min
(w,b,ξ≥0,z≥0,ηc)

1
2 ||w||

2
2 + C

∑
i(ξi + zi) +D

∑
c ηc

s.t. w · xi − b+ ξi +M(1− di) ≥ 1
−(w · xi − b) + zi +Mdi ≥ 1
−ηc ≤ yc −

∑
`∈c d` ≤ ηc

(9)
The constant M is chosen to be sufficiently large so
that if di = 0, then ξi = 0 satisfies the first constraint.
Similarly, if di = 1, then zi = 0 satisfies the second
constraint. ξi and zi represent the misclassification errors
for each point, measured as a traditional SVM would. In
this case, however, since we do not know in advance to
which class each point belongs, the error is effectively
taken to be the minimum error for either of the two
classes. The subscript c is used to represent an individual
aggregate collection; ` ∈ c represents the indices of
all input vectors associated with collection c, and yc

represents the actual number of points associated with
class 1 for collection c. The term ηc works to ensure that
the number of points assigned to each class is consistent
with the aggregates provided for the training set. ηc

is the difference between the predicted and the actual
count of the number of points in class 1 for an aggregate
collection c. We therefore sum this error over all points
and add it to the objective function, multiplying it by a
parameter D to balance the importance of matching the
desired aggregate accuracy level for each collection.

The solution to this optimization problem can be
found via any mixed integer quadratic programming
solver. This approach is somewhat slow, however, and

we acknowledge that a faster algorithm can likely be
constructed. For example, the semi-supervised work by
Bennett and Demiriz was sped up in two fashions. First,
they used the popular substitution of ||w||1 instead of
1
2 ||w||

2
2 in the objective function. This transforms this

mixed integer quadratic program into a mixed integer
linear program. Furthermore, Fung and Mangasarian
[17] reformulated this problem as a concave minimiza-
tion problem and used a successive linear approximation
algorithm. Such an approach might work well here, but
is outside the scope of this particular paper. We have
therefore chosen to present a formulation as similar as
possible to traditional SVMs. Nonetheless, leveraging
approximation approaches similar to the ones described
above would be worth examining in future work.

4.6 SVM: Regression

Developing a version of support vector regression (SVR)
for the aggregate output learning problem is consider-
ably simpler than for classification. The standard linear
SVR approach [16] is expressed as:

min(w,b,ξ≥0,z≥0)
1
2 ||w||

2
2 + C

∑
i(ξi + zi)

s.t. w · xi + b− yi ≤ ε+ ξi
yi −w · xi − b ≤ ε+ zi

(10)

where the subscript i represents a particular training set
row, xi represents a particular training input vector, and
the vector w and scalar b represent the coefficients of
the regression surface. yi represents the desired output
value for each input vector. ξi and zi serve to measure
how far the predicted output value is from the actual;
the optimization problem ensures that for each i, either
ξi or zi is zero depending on whether the predicted value
is too small or too large. C is a user chosen parameter
that balances the tradeoff of accuracy against overfitting,
and ε is a user chosen parameter representing the size
of the “zone of insensitivity” within which errors do not
contribute.

The aggregate output version of SVR does not have
an individual yi for each input vector xi. Instead, each
aggregate collection contains an individual aggregate
output value yc. Therefore, we can modify the SVR
formulation to constrain (with slack) the outputs from
all points within an aggregate collection to sum to the
appropriate total:

min(w,b,ξ≥0,z≥0)
1
2 ||w||

2
2 + C

∑
c(ξc + zc)

s.t.
∑

`∈c(w · x` + b)− yc ≤ ε+ ξc
yc −

∑
`∈c(w · x` + b) ≤ ε+ zc

(11)

The subscript c is used to represent an individual
aggregate collection; ` ∈ c represents the indices of all
input vectors associated with collection c.

As in the classification case, this quadratic program
can be solved by any off-the-shelf quadratic program-
ming solver. Considerably faster algorithms for SVR are
well known [18], [19], and so one or all of them might be
adaptable to work with our formulation here. Similarly,
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our approach could likely be adapted to work with
nonlinear SVMs.

4.7 Decision Trees: Classification

For traditional classification decision trees, we build a
tree that takes an input vector x and maps it to a
particular leaf. Each leaf in the tree is assigned a “yes” or
“no” value, which is determined to be the classification
value for that input vector. To build the tree, one starts
with a root node, and splits it according to some splitting
criterion. This divides the data into subsets, which are
used to build the lower portions of the tree.

For the aggregated classification algorithm, our goal
is the same: we want to create a tree that for each
input vector outputs a “yes” or “no” value which is
determined by the leaf to which the input vector maps.
The challenge is in developing the splitting criterion.
Traditional approaches, such as entropy or gini index
[20], require knowledge for a particular split of how
many “yes” and “no” points in the training set are in
each subtree for that split. We know precisely which
training points split to which subtree, but we do not
know the classification values assigned to each. We know
in total how many “yes” and “no” values there are
for each aggregate collection; for a particular decision
tree split, however, we do not know how individual
“yes” and “no” values split. This does not fit well with
traditional local splitting criteria that are based on a
count of the number of “yes” and “no” values on each
side of the split.

We have therefore chosen the following alternative
approach. Typically, decision tree algorithms attempt a
split, then measure the quality of that split locally, i.e.
based on only those training points that have traversed
the tree to that node. Instead, we measure the quality of a
split globally: for a potential split in the decision tree, we
try all points in the training set on that new decision tree.
Every point in the training set thus receives a classifica-
tion, most of which are likely determined through other
portions of the tree than the one under consideration for
splitting. Once a classification is determined for every
point in the training set, we can aggregate these together
for each aggregate collection and calculate an error based
on the known aggregate totals. We then repeat for every
potential split at a particular node, and choose the split
for that node that minimizes total error over the entire
dataset.

More specifically, we simplify matters by only allow-
ing the tree to split in a binary fashion: every non-
leaf has precisely two children. Given a node under
consideration that we wish to split, we try all possible
splits over the potential features and values (just as in
traditional decision tree algorithms). For each potential
split, we produce two children. We then try all four pos-
sibilities for labeling these two children with “yes” and
“no” values (yes/yes, yes/no, no/yes, no/no). For each
possibility, for each aggregate collection, we calculate the

error as the squared difference between the number of
known “yes” values for that collection and the number
of “yes” values for that collection determined by the
decision tree. Specifically, if we define yc, as the known
total of “yes” values in collection c, and ỹci to be the
decision tree predicted classification of data vector xci

(where a “yes” is a 1 and a “no” is a 0), we wish to
minimize the splitting criterion:∑

c[yc −
∑

i∈c ỹci]2 (12)

After all possible binary splits have been tested for
that node (across all features, values, and “yes” / “no”
combinations), the feature and value combination that
produces the smallest possible error is chosen.

The order in which the nodes are chosen to be split
can greatly affect how the tree is built. The root node
is always split first, but then it has two children. Which
of these should be split first? We choose to split next
whichever leaf has the most input vectors that map
to it. The rationale here is that we are focusing our
attention on the portion of the tree that contains the
most data, as opposed to tweaking a portion with only a
trivial amount of data. Clearly, there are many potential
approaches here which might be examined in the future.

Finally, we discuss termination of the algorithm. Tra-
ditional decision trees offer many approaches to limit
overfitting via pruning and other means [1]. Many of
these ideas could be applied to our algorithm as well.
Since our purpose here is to illustrate how one can apply
decision trees to the aggregate output learning problem,
and not to undergo a detailed analysis of various deci-
sion tree pruning algorithms, we simply limit the depth
of the tree to a fixed depth.

4.8 Decision Trees: Regression
There are a variety of approaches for adapting deci-
sion trees to handle regression [21], [20]. Most of them
work very similarly to classification decision trees, as
described above. At each node, a split is determined
based on some sort of local criterion: in the regression
scenario, this might be something like mean square
error on the output values for the input vectors that
traverse the tree to that node. In its simplest case, each
leaf is described by a single numeric value. That is
the approach we adopt here. More intricate regression
tree approaches perform a linear regression at each leaf
in order to obtain more accurate values. Although this
would be interesting to pursue, our goal here is to
demonstrate that the problem can be solved reasonably
without considering all possible enhancements.

Our approach to this problem is a variation on the
classification algorithm described above. In precisely the
same manner, we build the tree by starting with the
root node, splitting, finding leaf regression values, and
repeating with whichever leaf has the most input vectors
in it. The one key aspect from classification that fails
for regression is the repeated attempts at trying all four
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yes/no combinations for each pair of leaves. In the re-
gression case, where each leaf receives a numeric value,
the number of possibilities is infinite. Therefore, we
choose an alternate approach where we assign regression
values to all leaves at once rather than determining them
individually. We can formulate this as an optimization
problem, where the regression values are determined by
minimizing a sum of squares.

Specifically, for a given tree if we define kcl as the
number of points in aggregate collection c that are
directed to leaf l, rl as the regression value for leaf l, and
yc as the known aggregate regression value of aggregate
collection c, then we wish to find regression values rl
that optimize:

min(r)

∑
c[ (

∑
l kcl rl)− yc]2 (13)

This minimization problem chooses leaf regression val-
ues that minimize aggregate error over the entire train-
ing set. It should be noted that this global approach
means that every time a new split is added to the tree,
regression values in all leaves are updated.

One problem we observed with the above is that for
practical datasets, the above minimization problem tends
to overfit. We are minimizing over leaf regression values.
For a binary tree of depth 5, there are 32 such variables.
For a dataset of 500 data points, where each aggregate
collection contains 10 data points, there are only 50
aggregate collections. Minimizing 32 variables with only
50 collections can easily lead to overfit solutions. There-
fore, we introduced regularization in a similar fashion
to ridge regression [22]. This resulted in the following
minimization problem:

min(r)

∑
c[(

∑
l kcl(r0 + rl))− yc]2 + C

∑
l(r

2
l ) (14)

In this regularized algorithm, we use r0 to set a baseline
regression value for all leaves. (This is similar to the
intercept term in traditional linear regression, which is
typically not included in the minimization term when
regularization is undertaken.) The other leaf regression
values become offsets from r0. With our introduction of∑

l(r
2
l ), the magnitude of the rl values can be reduced

using C as a balancing factor. This regularization term
serves to reduce overfitting when assigning regression
values. Equation (14) is a quadratic minimization prob-
lem with no constraints, and thus can be solved analyt-
ically.

We acknowledge that there are many approaches to
regularization; for example, we could have used a lasso
regression sort of approach instead [22]. Such experimen-
tation is outside the scope of this paper, but is important
future work.

5 EXPERIMENTAL RESULTS

5.1 Overview
The main contributions of this paper are in proposing
our new machine learning problem, and in posing some
initial attempts at solving it. All four of the algorithms

proposed here are natural generalizations of well-known
algorithms. In some sense, it is somewhat unclear as to
what purpose experiments would serve. Since we pose
a new learning problem, there are no other algorithms
in the literature which are appropriate for comparison
purposes. We can compare these algorithms with each
other, but it is well known that different algorithms
perform better on different datasets. However, we do see
for both regression and classification a simpler “exper-
imental control” technique which might be appropriate
for comparison purposes, which we describe later.

As we are currently unable to release our SPMS data,
we present in this paper regression data from three well-
known publicly available datasets. The first, auto-mpg
[23], predicts miles per gallon based on seven variables
including cylinders, origin, model year, and acceleration.
Although the dataset included a car name variable,
we ignored it because it was not numeric. The second
dataset, housing [23], is the classic “Boston Housing
Data.” This dataset is used to predict the median value
of owner-occupied homes in Boston based on thirteen
variables including the crime rate, the non-retail business
acreage, the average number of rooms, and so on. The
final dataset, cpu-small [24], measures the portion of
time (%) that cpus run in user mode based on four-
teen variables. These include number of reads between
system memory and user memory, number of writes
between system memory and user memory, number of
system read calls per second, and so on. There were 398
instances in the auto-mpg dataset, 506 in the housing
dataset, and 300 in the cpu-small dataset (we chose a
small subset of size 300 from the original, which had
8192 examples).

For the classification experiments, we similarly use
three datasets. The first, breast-cancer-wisconsin [23], con-
tains data used to determine whether a tumor is malig-
nant or benign. This set contains 11 features, the last of
which is a binary classification of the tumor. We ignore
the first feature, a subject identification number, since it
is not relevant to our analysis. The other features consist
of integer values between one and ten that approximate
continuous diagnostic measurements. Dermatology [23]
is our second dataset. This contains 33 features for
determining the type of Eryhemato-Squamous Disease in
patients. All values are between zero and three except for
one which describes the age of the patient. We similarly
normalized the patient age feature to a value between
zero and three. There are six different disease classifica-
tions in the original data, but our techniques only sup-
port binary classification; therefore, the data was altered
so that the classification is either Psoriasis (the most com-
mon of the disease classifications) or not Psoriasis. The
final dataset, ionosphere [23], classifies radar returns from
an antenna installation as either good or bad, with good
indicating a structure in the ionosphere and bad showing
no such structure. There are 34 features corresponding to
values returned by analysis of the radar signals. Values
for each are continuous and between -1 and 1, and each
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point has a binary classification. There are 699 points
in breast-cancer-wisconsin, 358 in dermatology, and 351 in
ionosphere.

None of the above datasets have aggregate outputs.
They are traditional datasets in that they contain an
output value for each input vector. Therefore, we use
them for experiments by creating aggregate training sets.
After separating training data from test data under a
cross-validation framework, we group together multiple
input vectors in the training set and aggregate their
output values together. In the regression case, we simply
add the regression values; in the classification case, we
count the numbers of positive and negative examples.
This transforms the training set into one appropriate
for the aggregate output learning problem, and leaves
us with a traditional test set for measuring success.
This technique for creating artificial aggregate datasets
gives us the capability to run multiple experiments,
each with different characteristics. Specifically, we vary
the dataset in two different ways, each of which could
potentially influence the performance of an aggregate
output learning algorithm.

First, we vary the size of the aggregate sets, i.e., the
number of rows in the original dataset whose outputs are
summed to form each aggregate set. For the traditional
supervised learning problem, all aggregate sets are of
size 1. Note that the set size is essentially an upper
bound on how much information is lost due to aggrega-
tion. For simplicity, all aggregate sets that we generate
for a particular dataset have the same size (except for
possibly the last one).

Second, we vary the amount of randomness in the
aggregation. In order for us to be able to learn anything
from aggregate data, we have been making the assump-
tion that points within an aggregate set are somewhat
related. If this assumption were invalid, the problem
would seem unsolvable; we would end up with aggre-
gate sets where each collection of input vectors varied
over the range of the dataset, and each aggregate output
value would therefore be approximately the same. Said
differently, we assume that each aggregate set is different
from the others in a way that provides structure to
help us learn from the data. We therefore vary the level
of disorder in the data for experimental purposes in
order to measure this effect. To do so, the original data
is first sorted by output value. Individual data points
in the training set (input vectors and output values
together) are randomly chosen in pairs and swapped.
After a number of random pairs have been swapped,
the points are taken in order starting from the top of the
dataset to create the aggregate groups. Large numbers of
swaps therefore correspond to relatively random aggre-
gate groups, whereas low numbers of swaps correspond
to highly ordered aggregate groups. The “randomness”
value seen in our experimental results refers to the
number of pairs that we randomly swapped before
aggregating the data.

As stated above, there are no algorithms that we know

of that make sense to compare our new algorithms
with, since the aggregate output learning problem is
new. We can, however, compare to the following simple
technique. Assuming that we start with an aggregate
training set (which is, of course, the problem which
we are trying to solve), we create a new training set
where the input vectors are the same, but each input
vector is assigned its own individual output value. For
the regression problem, this value is the average of
the known aggregate output value for the collection;
for the classification problem, this value is the ratio of
positive classifications over the total number of points
in the collection. In either case, this new dataset thus
resembles a traditional supervised learning regression
dataset, and thus traditional regression algorithms can
be used on it. Of course, using traditional algorithms
overconstrains the problem, as any such algorithm will
try to find a predictor that matches each input vector in
the training set individually to the average output value
for its collection. Nonetheless, this technique requires no
new algorithms, and so it seems as though it is a worthy
experimental control. It should be noted that in testing
our regression approaches, the control is a regression
algorithm; in testing our classification approaches, the
control is also a regression algorithm. Note that the con-
trol approach for our decision tree experiments does not
use “standard” approaches, because our approach and
philosophy differs considerably from the traditional one.
We discuss this in more detail in section 5.5. Finally, we
note that an alternative control approach might seem to
be to aggregate the input vectors within each aggregate
set together in order to match the aggregated output
values. This would work for training purposes, but not
for testing, where the goal is to do prediction of output
values for individual input vectors.

For all experimental results, five-fold cross-validation
was used. (We were running enough experiments that
the savings in time over ten-fold cross-validation was
convenient.) All fields for the input values in all datasets
were normalized by subtracting the mean and dividing
by the standard deviation. Regression accuracy was
measured via mean squared error, whereas classification
accuracy was measured by the fraction of correct test
classifications (“test set accuracy”).

In looking at our experimental results, it is tempting
to compare test set accuracies across algorithms, e.g. to
compare the results from neural networks with k-nearest
neighbor. We emphasize that such comparisons are not
valid. Our purpose in running these experiments is to
show how our technique varies with different aggregate
set sizes, and with varying amounts of randomness
among the collections. Therefore, we pick a simple set
of parameters for each algorithm, and generally leave
them fixed throughout the experiments (we discuss these
in more detail below). All of these algorithms have
considerable capability for being tweaked to improve the
results. One could try a variety of values for k for the
k-nearest neighbor algorithm, for example, or one could
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size 0 25 50 100 200 500 2000

2 0.15 0.22 0.23 0.32 0.36 0.46 0.40
5 0.15 0.24 0.31 0.47 0.63 0.70 0.75
10 0.15 0.26 0.33 0.52 0.72 0.85 0.90
20 0.15 0.27 0.35 0.57 0.83 0.92 0.95

2 0.25 0.28 0.32 0.41 0.47 0.50 0.51
5 0.25 0.30 0.38 0.53 0.70 0.80 0.79
10 0.25 0.32 0.41 0.58 0.77 0.89 0.88
20 0.25 0.33 0.43 0.60 0.81 0.93 0.94

2 0.25 0.31 0.37 0.40 0.52 0.50 0.52
5 0.26 0.34 0.43 0.60 0.76 0.76 0.76
10 0.29 0.38 0.48 0.73 0.88 0.88 0.87
20 0.42 0.52 0.63 0.82 0.92 0.95 0.95

cpu-small: aggregate algorithm

housing: aggregate algorithm

randomness

auto-mpg: aggregate algorithm

Fig. 1. k-nearest neighbor, regression mean square error.

vary the number of hidden nodes in the neural network.
In order for comparisons across algorithms to be valid,
we would have had to make an attempt to optimize
parameters across all algorithms to get the best possible
results. We have not done so. Again, our purpose is to be
able to look at each algorithm and observe its behavior
on variations of the data, and to make comparisons with
a control version of the algorithm with a similar set
of parameters. Comparisons within the support vector
machine results, for example, are completely valid and
worthwhile. Comparing the SVM results with the neural
network results does not make sense because we have
not optimized the parameters for either appropriately.

5.2 k-Nearest Neighbor
First, we present the results from k-nearest neighbor,
where we fixed k = 5 for all experiments. Note that for
k-nearest neighbor, the control method is mathematically
equivalent to our algorithm (see the ends of sections 4.1
and 4.2). We thus only provide one set of experiments
for k-nearest neighbor (regression and classification),
whereas for the other algorithms, we show two.

Figure 1 shows the results from running k-nearest
neighbor for regression on our three datasets. We see that
regression error increases as aggregate set size increases,
which makes sense. As the aggregate set size increases,
we are throwing more information out of the training
set. Similarly, we see regression error increase as the
amount of randomness in the aggregate sets increases.
This makes sense as well. For highly ordered aggregate
sets, within each aggregate set the (unknown) output
values are quite similar to each other. Replacing each
with the average for the aggregate set is a good ap-
proximation in this case. On the other hand, for highly
random aggregate sets, assigning each point an output
value which is the average of its aggregate set makes
considerably less sense.

Figure 2 shows the results for k-nearest neighbor on
the three classification datasets. As with the regres-
sion results, these represent the sort of effect that we
intuitively expect data aggregation to have. The best

size 0 25 50 100 200 500 2000

2 0.97 0.97 0.96 0.96 0.94 0.92 0.90
5 0.97 0.97 0.95 0.94 0.88 0.80 0.76
10 0.97 0.97 0.95 0.94 0.85 0.67 0.67
20 0.97 0.96 0.95 0.93 0.84 0.66 0.66

2 1.00 1.00 0.99 1.00 0.96 0.94 0.96
5 1.00 1.00 0.99 0.92 0.81 0.73 0.76
10 1.00 0.98 0.96 0.91 0.73 0.70 0.70
20 1.00 0.99 0.97 0.82 0.71 0.69 0.69

2 0.84 0.84 0.83 0.84 0.82 0.81 0.84
5 0.85 0.83 0.82 0.76 0.70 0.68 0.71
10 0.84 0.80 0.79 0.74 0.69 0.66 0.66
20 0.84 0.81 0.81 0.72 0.66 0.64 0.64

ionosphere: aggregate algorithm

dermatology: aggregate algorithm

randomness

breast-cancer-wisconsin: aggregate algorithm

Fig. 2. k-nearest neighbor, classification accuracy.

results occur at little randomness. Because training data
was at first aggregated in order of classification, results
are almost identical at low randomness regardless of
aggregate set size (if a collection contains only positive
classifications, for instance, then our algorithm assigns a
positive classification to each point, and no data is lost).
As randomness increases, different aggregate collection
sizes react differently. The accuracy of smaller group
sizes decreases slowly. For larger group sizes, on the
other hand, accuracy quickly approaches a base level
corresponding to the frequency of the more common
of the two binary classifications for each dataset, as
the algorithm assigns the more common classification to
every point.

As discussed earlier, these k-nearest neighbor results
are a worthwhile benchmark for understanding our
experimental techniques, but it is the results for neural
networks, SVMs, and decision trees that illustrate the
power of our approach.

5.3 Neural Networks
For the neural network regression experiments, we used
a learning rate of 1×10−5 and a convergence tolerance of
0.001. The hidden nodes were determined via k-means
clustering on the input vectors, and for each cluster σ
was determined to be the average distance from each
point in that cluster to the center. We arbitrarily fixed
the number of hidden nodes at 12.

By comparing the differences between the aggregate
algorithm and the control algorithm for a given dataset
and technique, the patterns are quite clear. For the neural
network regression results shown in Figure 3, we see
that our aggregate algorithm generally outperforms the
control algorithm. (In the bar chart, a bar going up indi-
cates that the aggregate algorithm performs better than
control. We adopt this convention throughout our exper-
imental results.) The differences are most pronounced
for moderate randomness values. For highly ordered
data, our aggregate algorithm performs similarly to (and
occasionally worse than) the control algorithm. As in the
k-nearest neighbor experiments, this makes sense; when
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size 0 25 50 100 200 500 2000 0 25 50 100 200 500 2000

2 0.53 0.74 0.46 0.48 0.50 0.74 0.59
5 0.41 0.74 0.64 0.65 0.73 0.69 0.68
10 0.43 0.49 0.44 0.48 0.96 0.84 1.04
20 0.42 0.45 0.45 0.74 0.81 1.04 1.02

2 0.56 0.76 0.52 0.58 0.62 0.82 0.71
5 0.43 0.77 0.73 0.77 0.86 0.83 0.83
10 0.53 0.63 0.61 0.73 1.01 0.92 0.90
20 0.51 0.52 0.61 0.87 0.87 1.02 1.04

2 0.67 0.76 0.64 0.75 0.87 0.85 0.89
5 0.77 0.81 0.88 0.94 1.02 0.87 0.90
10 0.76 0.80 0.84 0.84 0.79 1.05 0.95
20 0.81 0.88 0.79 0.82 0.92 1.22 1.23

2 0.69 0.76 0.68 0.79 0.90 0.88 0.91
5 0.75 0.79 0.92 0.96 0.95 0.91 0.92
10 0.81 0.77 0.92 0.86 0.88 0.99 0.99
20 0.82 0.85 0.95 0.86 0.95 1.05 1.07

2 0.86 0.87 0.93 0.75 0.90 0.99 0.93
5 0.90 0.69 0.82 0.86 0.96 0.99 1.01
10 0.74 0.77 0.91 0.89 0.94 0.97 1.06
20 1.01 0.68 0.74 0.80 0.92 1.01 0.97

2 0.85 0.88 0.94 0.87 0.91 1.03 0.96
5 0.90 0.79 0.93 0.90 0.97 1.00 1.01
10 0.79 0.89 0.93 0.92 0.97 0.97 1.06
20 0.91 0.91 0.90 0.98 0.94 1.01 0.98

randomness randomness

auto-mpg: aggregate algorithm

auto-mpg: control algorithm

housing: aggregate algorithm

cpu-small: control algorithm

housing: control algorithm

cpu-small: aggregate algorithm cpu-small
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Fig. 3. Neural networks, regression mean square error.

the data is highly ordered, assuming that the output
value for each point is the average of the output values
for the aggregate set is a good approximation. For ex-
ceedingly random data (randomness value of 2000), our
algorithm again performs similarly to, and occasionally
worse than, the control algorithm. This is likely because
with highly random aggregations, there is a considerable
loss of information. In this case, the aggregate algorithm
does not have enough data to draw better conclusions
than the control algorithms. In general, though, the
aggregate algorithm is a stronger approach.

For our classification neural networks, we used the
same 1 × 10−5 learning rate and 0.001 convergence
tolerance that we used for regression. We observed that
it is quite possible to achieve greater accuracies on each
dataset and even at particular aggregate collection size
and randomness pairs by fine tuning the learning rate.
This is a common issue with neural networks, especially
in classification where there are two layers of weights
to find simultaneously; local minimums are a challenge.
There are a variety of approaches for dealing with this
problem, but optimizing neural networks carefully was
outside the scope of this paper. We therefore fixed the
learning rate, and left it alone. Similarly, as above, we
fixed the number of hidden nodes at 12. From the neural
network classification results shown in Figure 4, it is
clear that the aggregate and control algorithms with
fixed learning rate and convergence value perform very
differently on different datasets. Changes in aggregate
collection size and randomness affect the aggregate and
the control neural networks similarly. The aggregate
algorithm outperforms the control most clearly for der-
matology, where it is superior in almost every case.
The aggregate algorithm also performs better on the

size 0 25 50 100 200 500 2000 0 25 50 100 200 500 2000

2 0.91 0.91 0.90 0.89 0.87 0.84 0.84
5 0.91 0.89 0.85 0.83 0.70 0.65 0.66
10 0.89 0.87 0.84 0.78 0.68 0.66 0.65
20 0.88 0.88 0.85 0.79 0.68 0.64 0.64

2 0.95 0.90 0.86 0.82 0.96 0.81 0.87
5 0.96 0.95 0.84 0.88 0.89 0.70 0.80
10 0.96 0.77 0.82 0.80 0.79 0.65 0.65
20 0.94 0.93 0.79 0.75 0.67 0.65 0.70

2 0.95 0.94 0.94 0.92 0.92 0.90 0.91
5 0.94 0.94 0.94 0.93 0.90 0.85 0.86
10 0.93 0.94 0.93 0.94 0.85 0.82 0.87
20 0.91 0.94 0.94 0.93 0.89 0.80 0.76

2 0.95 0.84 0.81 0.81 0.82 0.83 0.75
5 0.86 0.89 0.76 0.74 0.69 0.69 0.69
10 0.79 0.72 0.73 0.70 0.68 0.69 0.69
20 0.94 0.72 0.76 0.69 0.73 0.69 0.69

2 0.79 0.79 0.77 0.76 0.68 0.67 0.68
5 0.67 0.67 0.65 0.69 0.74 0.69 0.70
10 0.60 0.58 0.64 0.65 0.74 0.70 0.73
20 0.60 0.62 0.70 0.73 0.69 0.70 0.67

2 0.67 0.67 0.63 0.73 0.69 0.67 0.69
5 0.67 0.68 0.62 0.70 0.69 0.70 0.71
10 0.62 0.68 0.61 0.62 0.64 0.64 0.64
20 0.68 0.68 0.66 0.66 0.64 0.68 0.64

ionosphere: control algorithm

dermatology: control algorithm

ionosphere: aggregate algorithm

dermatology: aggregate algorithm

randomness randomness

breast-cancer-wisconsin: aggregate algorithm

breast-cancer-wisconsin: control algorithm

ionosphere

-0.30

-0.20

-0.10

0.00

0.10

0.20

0.30

2 5 10 20

size

A
gg

 - 
C

on
tr

ol
 A

cc
ur

ac
y

dermatology

-0.30

-0.20

-0.10

0.00

0.10

0.20

0.30

2 5 10 20

sizeA
gg

 - 
C

on
tr

ol
 A

cc
ur

ac
y

breast-cancer-wisconsin

-0.30

-0.20

-0.10

0.00

0.10

0.20

0.30

2 5 10 20

size

A
gg

 - 
C

on
tr

ol
 A

cc
ur

ac
y

Fig. 4. Neural networks, classification accuracy.

ionosphere data than the control, although the trend
is not nearly as clear as with the dermatology data. It
appears that the aggregate does do consistently better
with large collection size and high randomness than the
control. The results for the breast cancer data are not
as conclusive. There is no clear pattern in the results,
and the aggregate is generally equal to or inferior to the
control. Much of this may be attributed to the fact that
the learning rate was not well adjusted to maximizing
the accuracy of the aggregate network. We found that
the quality of the results changed dramatically based on
the setting of the learning rate parameter. This one set of
experiments is clearly the weakest in this paper; all the
other approaches we present show considerably better
improvement over the control approaches.

5.4 Support Vector Machines
For SVMs, we used the quadratic programming solver
CPLEX [25] to handle the optimization. We varied the
parameters C and D in order to achieve the right balance
of objectives. In principle, this should have been done
on a tuning set, pulled out of the training set, for each
individual experiment. This opened up a complicated
discussion as to how this should be done: in our sce-
nario, the tuning set does not structurally mirror the test
set. There are many approaches we might have tried.
Conveniently, by varying parameters by orders of mag-
nitude of 10, it was exceedingly clear for each dataset-
algorithm pair that one particular set of parameters
that optimized nearly all experimental values. Since we
looked at the results for a large number of experiments
simultaneously and picked a single set of parameters
for all of them, it was clear that we were not somehow
picking parameters to optimize a particular test set.
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size 0 25 50 100 200 500 2000 0 25 50 100 200 500 2000

2 0.22 0.21 0.21 0.21 0.21 0.21 0.22
5 0.23 0.22 0.22 0.22 0.23 0.23 0.22
10 0.24 0.22 0.22 0.23 0.23 0.23 0.23
20 0.27 0.24 0.26 0.23 0.25 0.28 0.28

2 0.20 0.21 0.23 0.29 0.37 0.45 0.36
5 0.20 0.23 0.30 0.37 0.62 0.69 0.69
10 0.20 0.25 0.33 0.51 0.74 0.83 0.85
20 0.20 0.25 0.33 0.54 0.80 0.92 0.92

2 0.32 0.31 0.31 0.32 0.32 0.32 0.33
5 0.32 0.31 0.32 0.32 0.32 0.35 0.34
10 0.36 0.33 0.33 0.35 0.34 0.38 0.39
20 0.36 0.34 0.38 0.41 0.40 0.44 0.43

2 0.31 0.31 0.34 0.38 0.45 0.48 0.48
5 0.31 0.32 0.37 0.53 0.69 0.76 0.74
10 0.31 0.33 0.39 0.57 0.78 0.86 0.84
20 0.31 0.33 0.39 0.58 0.79 0.93 0.91

2 0.34 0.30 0.28 0.28 0.29 0.28 0.28
5 0.26 0.33 0.23 0.21 0.34 0.31 0.32
10 0.34 0.35 0.40 0.32 0.38 0.39 0.29
20 0.65 0.59 0.51 0.44 0.50 0.42 0.48

2 0.28 0.27 0.31 0.36 0.36 0.44 0.39
5 0.23 0.28 0.43 0.50 0.65 0.71 0.70
10 0.28 0.33 0.46 0.66 0.80 0.88 0.85
20 0.40 0.46 0.62 0.76 0.88 0.94 0.93

randomness randomness

auto-mpg: aggregate algorithm

auto-mpg: control algorithm

housing: aggregate algorithm

cpu-small: control algorithm

housing: control algorithm

cpu-small: aggregate algorithm cpu-small
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Fig. 5. Support vector machines, regression mean square
error.

Figure 5 shows the results for the SVM aggregate
regression algorithm compared with its control, where
the loss insensitivity parameter ε was set to 0. The
comparison between the aggregate case and the control
case shows the increasing advantage of the aggregate
approach as aggregate size and randomness increase.
Unlike neural networks, the aggregate has the greatest
advantage with high randomness. This is likely due
to the fact that SVMs inherently avoid overfitting by
regularizing the separating surface, which has a more
dramatic impact with noisy data.

SVM parameters were chosen similarly to the regres-
sion case, with a different C and D pair chosen for
each dataset. Once again, CPLEX was used for solving a
quadratic program in order to optimize the SVM. Results
are shown in Figure 6. The aggregate algorithm consis-
tently outperformed the control across almost all ran-
domness and aggregate values and each dataset. The ag-
gregate’s performance in relation to the control improves
steadily as randomness and aggregate collection size
increase, as we expected. It is particularly interesting to
observe that aggregate performance was nearly constant
across aggregate size and randomness (although less so
with the ionosphere data). Control data showed similar
trends to k-nearest neighbor with strong performance at
low randomness, but quickly deteriorating accuracy as
randomness and aggregate collection size increase.

5.5 Decision Trees
In designing our decision tree experiments, there was
no traditional algorithm of which we were aware that
made sense to use as a control. Using decision trees
that proceed in a depth-first-fashion with local splitting

size 0 25 50 100 200 500 2000 0 25 50 100 200 500 2000

2 0.94 0.95 0.95 0.95 0.96 0.95 0.95
5 0.96 0.95 0.95 0.95 0.96 0.95 0.93
10 0.95 0.94 0.94 0.96 0.95 0.96 0.93
20 0.94 0.96 0.91 0.94 0.92 0.95 0.93

2 0.91 0.91 0.88 0.86 0.89 0.90 0.84
5 0.93 0.93 0.81 0.79 0.82 0.74 0.76
10 0.93 0.86 0.84 0.74 0.73 0.74 0.66
20 0.90 0.90 0.79 0.66 0.60 0.68 0.60

2 0.99 0.99 0.99 1.00 0.98 0.99 0.98
5 0.99 0.99 0.98 0.99 0.98 0.99 0.99
10 1.00 0.99 0.99 0.99 0.99 0.99 0.98
20 1.00 0.99 0.97 0.99 0.99 0.98 0.98

2 0.97 0.95 0.89 0.86 0.84 0.84 0.87
5 0.97 0.93 0.85 0.78 0.76 0.74 0.76
10 0.98 0.94 0.79 0.73 0.72 0.72 0.72
20 0.97 0.93 0.86 0.72 0.72 0.72 0.72

2 0.80 0.83 0.84 0.83 0.81 0.81 0.83
5 0.84 0.81 0.77 0.76 0.68 0.78 0.78
10 0.81 0.78 0.75 0.69 0.62 0.77 0.69
20 0.84 0.72 0.65 0.70 0.73 0.58 0.65

2 0.81 0.77 0.74 0.70 0.81 0.83 0.76
5 0.81 0.71 0.73 0.62 0.63 0.70 0.73
10 0.79 0.80 0.73 0.71 0.58 0.43 0.58
20 0.76 0.68 0.43 0.51 0.51 0.38 0.51

ionosphere: control algorithm

dermatology: control algorithm

ionosphere: aggregate algorithm

dermatology: aggregate algorithm

randomness randomness

breast-cancer-wisconsin: aggregate algorithm

breast-cancer-wisconsin: control algorithm
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Fig. 6. Support vector machines, classification accuracy.

criteria would seem to be incomparable to our global
approach which expands nodes that have the largest
number of points that map to them. For example, it
was unclear which local splitting criterion to use for
the control algorithm (entropy, gini index, etc.) should
be used, when our aggregate algorithm uses no such
local criterion at all. Therefore, for comparison purposes
we chose to construct two new algorithms (one for re-
gression, one for classification) that reflected the general
structure of our new aggregate decision tree algorithms,
yet still used an individual output value for each data
point. As with all of our other control algorithms, we
first assign each point in the dataset an individual output
value. In the regression case, this is the average output
value over all points in that collection. For a classifica-
tion, each point is assigned the ratio of the number of
positive classifications to the total number of points in
the aggregate collection. The algorithms themselves then
proceed as described below.

The regression algorithm that we use for a control is
very similar to the one that we describe in section 4.8.
We still choose to split whichever node has the most
points in it, and test every feature-value combination.
The difference here is that we do not need to optimize
over the entire tree in order to determine the optimal
regression value for a new node. Since every training
point has been assigned a specific regression value, we
can locally determine the regression value for that node
that minimizes mean square error. Specifically, it is easy
to show that this value must be the average of all the
output values for that node. Therefore, for each feature-
value combination, we split a node and assign optimal
values to its two children, and measure mean square
error. The feature-value split that minimizes that error is



13

size 0 25 50 100 200 500 2000 0 25 50 100 200 500 2000

2 0.29 0.27 0.27 0.24 0.23 0.24 0.24
5 0.35 0.35 0.35 0.38 0.31 0.31 0.30
10 0.47 0.53 0.50 0.44 0.47 0.38 0.49
20 0.52 0.45 0.55 0.56 0.50 0.43 0.50

2 0.42 0.46 0.63 0.67 0.80 0.82 0.82
5 0.42 0.44 0.49 0.60 0.84 0.89 0.81
10 0.44 0.46 0.51 0.62 0.85 0.94 0.91
20 0.44 0.47 0.52 0.66 0.88 0.96 0.97

2 0.37 0.30 0.33 0.29 0.24 0.29 0.31
5 0.56 0.47 0.42 0.41 0.38 0.35 0.38
10 0.71 0.76 0.77 0.53 0.51 0.59 0.59
20 0.72 1.25 0.91 0.67 0.75 0.64 0.67

2 0.66 0.74 0.79 0.81 0.86 0.94 0.89
5 0.72 0.62 0.73 0.74 0.85 0.95 0.92
10 0.61 0.62 0.63 0.71 0.86 0.93 0.97
20 0.70 0.61 0.62 0.71 0.86 0.96 0.95

2 0.29 0.30 0.28 0.29 0.20 0.29 0.28
5 0.49 0.23 0.54 0.30 0.28 0.31 0.53
10 0.64 0.83 0.56 0.81 0.77 1.00 0.75
20 1.57 2.44 0.93 1.23 1.01 1.09 0.93

2 0.45 0.97 0.91 0.97 0.93 0.97 1.01
5 0.46 0.67 0.69 0.90 0.97 0.94 1.02
10 0.48 0.51 0.80 0.84 0.91 0.92 1.02
20 0.55 0.70 0.77 0.86 0.95 0.99 1.00

randomness randomness

auto-mpg: aggregate algorithm

auto-mpg: control algorithm

housing: aggregate algorithm

cpu-small: control algorithm

housing: control algorithm

cpu-small: aggregate algorithm cpu-small
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Fig. 7. Decision trees, regression mean square error.

the one that we choose.
The classification algorithm that we use for control

purposes is a similar adaptation of the aggregate al-
gorithm that we describe in section 4.7 and the re-
gression control algorithm above. As in the aggregate
classification algorithm, we start with the node with the
most points in it, and try every feature-value split. For
each split, we assign all four combinations of positive
and negative classifications to the two children. If we
consider a positive value to be a 1 and a negative value
to be a 0, we can then calculate a mean square error with
the training data that has ended up at each point, as
each training point is labeled with the ratio of positive
classifications to total for its aggregate collection. The
feature-value-classification split that minimizes mean
square error is the one that we choose.

In running the experiments for our aggregate regres-
sion approach, we experimented briefly with C and
chose to fix it at .05. As with other algorithms in this
paper, better experimentation would yield better results,
and a tuning set should be used to ensure proper exper-
imental procedure. We simply chose to find a single C
that worked reasonably over all datasets and variations
thereof to keep the experiments limited. In short, we
made it harder for our own algorithm to succeed by
not conducting more fine-tuned experiments on C. We
also chose to limit the tree depth to 5 in order to
pick a simple pruning approach that would serve easily
for comparison purposes.Results are shown in Figure
7. The aggregate algorithm largely outperformed the
control across all datasets with varying degrees of suc-
cess. Increases in randomness had no clear effect on the
aggregate results, while increased aggregate collection
size did increase error. For the control, on the other hand,

size 0 25 50 100 200 500 2000 0 25 50 100 200 500 2000

2 0.95 0.95 0.95 0.95 0.95 0.95 0.95
5 0.95 0.95 0.95 0.95 0.95 0.95 0.95
10 0.95 0.95 0.95 0.95 0.94 0.95 0.95
20 0.95 0.95 0.96 0.95 0.94 0.95 0.94

2 0.95 0.95 0.95 0.94 0.94 0.95 0.94
5 0.95 0.95 0.95 0.95 0.91 0.75 0.74
10 0.95 0.95 0.95 0.93 0.91 0.66 0.65
20 0.95 0.95 0.95 0.94 0.86 0.65 0.65

2 0.99 0.99 0.99 0.98 0.99 0.99 0.99
5 0.99 0.99 0.99 0.99 0.99 0.99 0.99
10 0.99 0.99 0.99 0.99 0.99 0.99 0.99
20 0.99 0.99 0.99 0.99 0.98 0.99 0.99

2 0.99 0.99 0.98 0.97 0.98 0.99 0.98
5 0.99 0.97 0.97 0.92 0.74 0.70 0.71
10 0.99 0.97 0.96 0.87 0.71 0.69 0.70
20 0.99 0.99 0.95 0.77 0.69 0.69 0.69

2 0.90 0.90 0.90 0.90 0.91 0.88 0.87
5 0.90 0.85 0.89 0.85 0.87 0.73 0.82
10 0.89 0.87 0.83 0.80 0.76 0.71 0.74
20 0.88 0.84 0.87 0.83 0.65 0.70 0.65

2 0.90 0.89 0.90 0.88 0.89 0.91 0.90
5 0.90 0.88 0.86 0.84 0.77 0.72 0.75
10 0.89 0.88 0.87 0.76 0.70 0.65 0.64
20 0.88 0.88 0.87 0.79 0.66 0.66 0.64

ionosphere: control algorithm

dermatology: control algorithm

ionosphere: aggregate algorithm

dermatology: aggregate algorithm

randomness randomness

breast-cancer-wisconsin: aggregate algorithm
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Fig. 8. Decision trees, classification accuracy.

both increased randomness and aggregate size increased
error. It is worth noting that the control outperformed
the aggregate at large aggregate collection size and low
randomness. This is because of the criterion that we used
for evaluating splits; our algorithm assigns inaccurate
regression values to leaf nodes in these situations. An
appropriate choice for C mitigates this problem, but the
value .05 is too small to correct it in this particular case.
In general, the choice of C greatly affects results; better
experiments with a tuning set would have improved the
quality of our results further.

We show the results of our classification experiments
in Figure 8. We again set a depth limit of 5. For the
dermatology and breast cancer data, the aggregate algo-
rithm returned nearly constant accuracies, regardless of
randomness and aggregation size. The control algorithm,
on the other hand, resembled much more closely the
sort of trend we had observed with k-nearest neigh-
bor, where aggregate size 2 is fairly constant, while
accuracy for the other groups decreases quickly with
increased randomness and larger group size. Overall,
our algorithm showed similar results to the control
with no randomness, but as randomness increased, it
quickly showed itself to be superior. The ionosphere
results do not demonstrate as clearly the superiority of
our aggregate algorithm over the control, although our
algorithm still performed better overall.

6 CONCLUSIONS AND FUTURE WORK

We have proposed a new machine learning problem,
known as the aggregate output learning problem, that
does not seem to have been previously examined in
the literature. This problem, though inspired from at-
mospheric data analysis, could have broad ramifications
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in working with data masked for privacy purposes. We
present a formal framework for this problem for both
regression and classification, and provide adaptations
of k-nearest neighbor, neural networks, support vector
machines, and decision trees (classification and regres-
sion for each) to handle the aggregate problem. We
summarize a series of experiments for both frameworks
that show our approach to be highly effective. For SVM
classification, we have shown a new connection between
aggregate output learning and semi-supervised learning.
The aggregate output learning problem may thus illus-
trate new insights into semi-supervised learning.

There is clearly room for fine-tuning and improvement
with each of the algorithms, and particularly with deci-
sion tree regression and neural network classification.
Determining the particular kinds of data that are most
appropriate for each approach would be beneficial when
applying the algorithm to data sets. Optimizing our
linear SVMs using techniques that the SVM commu-
nity has developed would increase the efficiency and
portability of our algorithm. The support vector machine
approaches that we have proposed are all linear, and we
would like to develop nonlinear versions as well.
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