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Abstract

Sacial networks support e cien t decerralized seard: peoplecan collectively construct short
paths to a speci ed target in the network. Rank-baseal friendship|where the probability that
personu befriends personv is inversely proportional to the number of people who are closer
to u than v islis an empirically validated model of acquaintanceship that provably results
in e cien t decenralized seard via greedy routing, even in networks with variable population
densities. In this paper, we intro duce cautious-greedy routing, a variant of greedy that avoids
taking large jumps unlessthey make substartial progresstowards the target. Our main result
is that cautious-greedyrouting nds a path of short expected length from an arbitrary source
to arandomly chosentarget, independert of the population densities. To quantify the expected
length of the path, we de ne the depthof eld of a metric space,a new quarntit y that intuitiv ely
measuresthe \width" of directions that leave a point in the space. Our main result is that
cautious-greedyrouting nds a path of expected length O(log? n) in n-person networks that
have aspect ratio polynomial in n, bounded doubling dimension, and bounded depth of eld.
Speci cally, in k-dimensional grids under Manhattan distance with arbitrary population den-
sities, the O(log® n) expected path length that we achieve with the cautious-greedyalgorithm
improvesthe best previous bound of O(log® n) with greedy routing.

1 Intro duction

As large-scaledatasets of social interactions have becomewidespread, computer sciertists have
begunto explore sccial networks graphsin which nodesrepresertting peopleare connectedby edges
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represerning friendships. Social networks are a particularly appealing domain for interdisciplinary
application of computational thinking: a graph-theoretic, algorithmic approad canlend interesting
insight to questions traditionally in the domain of the social sciences. The well-known small-
world phenomenorirst  obsened explicitly by Stanley Milgram's ingenious experimerts [21], in
which people demonstrated an ability to collectively construct short chains of acquainances to
passa messagdo a speci ed target personinthe social networkjis a marked example[15]. A key
obsenation of Jon Kleinberg [12,13], made somethirt y yearsafter Milgram's original experiment,
is that these results are at heart algorithmic: people are able to use some sort of distributed
algorithm to construct short paths through the social network, with ead node having only limited,
local information about the friendshipsin the network. Kleinberg gave a simple model that su ces
to producea navigable small world. Start from a k-dimensionalgrid of people,with k = (1), where
we view proximity in the grid as corresponding to similarity in geographiclocation, occupation, or
someother attribute. Connect ead personto 2k local neighltors, her immediate neighbors in the
grid. Also endov ead personu with one long-range link, chosenrandomly sothat Prju! v]/
d(u;v) , whered(u;v) is the Manhattan distance betweenu and v and 0 is a parameter of
the model. (The presenceof additional long-rangelinks doesnot substartially a ect the results.)
Kleinberg studied greedy routing|to  route a messagdrom s to t, persons forwards the messageo
the friend of s who is closestin lattice distanceto tland showed that this simple algorithm nds
paths of expected length O(log?n) in n-person networks when = k, and of length n @ when

6 k. A (log ?n) bound on the expected length of the path found by greedyrouting when = k
has also beenshown [4,20].

Theseresults have subsequetly beenextended and adapted to situations in which the under-
lying network is not a grid, but is instead, for example, a tree [14] or a network that has low
treewidth [8], bounded growth rate [6,7], or low doubling dimension [24]. But an important fea-
ture presert in the real world is lacking in almost all of these models: whatever one choosesas
the spacein which to measuresimilarity, people are not uniformly distributed amongthe points
in this space(geographidocations, occupations, etc.). The group-structure model [14] can handle
di erential population density, as can rank-tasel friendship [16,18]. We focus on the latter, which
has beenshavn empirically to be a closematch for friendship patterns in a real large-scaleonline
sccial network [18]. The model is still basedon an underlying similarity measure,but an arbitrary
number of peoplecan live at eat point. De ne the rank of a personv with respect to u asthe
number of peoplewho live at leastascloseto u asv does. Under rank-basedfriendship, we generate
long-range links probabilistically using rank instead of distance: a personu choosesa long-range
link v sothat Pr[u! V] is proportional to the rank of v with respectto u. (It is worth noting that
rank-basedfriendship implicitly handlesthe dimensionality of the underlying similarity measure:in
a k-dimensionalgrid with (1) population at ead point, we have rank,(v) = ( d(u;v)¥), matching
the navigable distribution that explicitly involvesk in Kleinberg's distance-basedsetting.)

In joint work of Ravi Kumar, Andrew Tomkins, and the third author [16], greedy routing was
shown to perform well in rank-basedsccial networks, in the following sense.In a (1)-dimensional
grid with arbitrary positive population at ewvery point and with total population n, the greedy
algorithm nds a path of expected length O(log®n) from an arbitrary sourceto the point of a
target chosenuniformly from the population. In fact, these results were showvn in a much more
general setting [16]: if similarity is measuredby proximity in an arbitrary metric space, then
Greed y nds apath of expectedlength O(logn log?  2°()) to a randomly chosentarget, where
n is the population size; is the distance betweenmaximally distant people;and is the doubling



dimension of the metric space,a combinatorial measureof the implicit dimensionality of the space.
Formally, the doubling dimension of a metric spaceis the smallest such that every ball of radius
r can be coveredby 2 balls of radius r=2(see[2,10,24], e.g.).

Our contributions. The theorem for rank-basednetworks with variable population densitiesre-
stricted to k-dimensiongrids under Manhattan distance says that Greed y nds a path of expected
length O(log® n) to a randomly chosentarget. This result is wealker than Kleinberg's theorem in
two ways: there is an additional O(logn) factor in the path length; and there is \in expectation
for a random target” in place of \for any target." (These negatives are, of course, counterbal-
ancedby the increasedgenerality of the model, which can handle essetially arbitrary population
distributions.)

In this paper, we improve the upper bound on expectedpath length to O(log? n) in k-dimensional
grids with arbitrary population densities, closing the gap with Kleinberg's analysis of the uniform-
population case. We achieve this bound with the cautious-greedy algorithm, a variation on greedy
routing that we introduce. Intuitiv ely, the greedyalgorithm can getinto trouble in variable-density
networks as follows. Imagine a persons who only livesnear points with unit population. Suppose
that s hasafriend u sothat d(u;t) = d(s;t) " but the jump from s to u \overshoots" the target t.
If there is a city with massiwe population near u (but farther from t than u is), then s may be
making a mistake by choosing u as the next step in the chain: becauseu is in the \shadow" of
the city, then we have Pr[s! t] Pr[u! t]. Indeed, the sameis true from u for all points close
to t, and showing that Greed y is making progressat every stepis di cult. (This dicult y seems
intuitiv e: if sandt live 60 and 25 miles due west of New York City, respectively, then overshooting
t from s by jumping to a friend in Manhattan seemdike a bad idea, becausehe chain is now stuck
inside New York's \basin of attraction.”) CautiousGreed y diers from Greed y in that it con-
senatively takeslocal links unlessthere is a long-rangelink that halvesthe distanceto the target,
in which caseit follows that link. We are able to show that, in rank-based social networks with
arbitrary population distributions derived from k-dimensionalgrids under Manhattan distance, the
expected length of the CautiousGreed y(s;t) path for a randomly chosentarget t is O(log? n).
We also shaw that this bound is tight in the 1-dimensional case.

The result for k-dimensionalgrids is a corollary of our main theorem, which showsthat cautious-
greedy routing performs well in expectation for social networks with similarity measuresderived
from arbitrary metric spaces. As usual, the performance of the algorithm depends on certain
properties of the metric space,including the aspectratio  and the doubling dimension . We also
uncover a new quartity 2 (0; 1] characterizing metric spaces,intuitiv ely measuringthe smallest
\width" of ead direction leaving a point in the space,that is crucial to our analysis. By analogy
to the corresponding conceptin photography, we call the depthof eld of the metric space.More
precisely the depth of eld is the minimum over points s and t of the ratio r(s;t)=d(s;t), where
r(s;t) is the maximum radius of a ball B around t sothat a shortest path from s to every point
in B hasthe same rst step. In networks with large depth of eld (e.g., Manhattan distancein k-
dimensional grids), we can prove much better routing boundsthan in networks with small depth of
eld (e.g., Euclidean distance in k-dimensional grids). Our main result is that CautiousGreed vy
nds a path of expected length O(logn log (c ) ) for constart c, improving by a O(log )
factor the bound from [16] in networks with bounded and



Other related work. Although Greed y is the most commonly analyzed decerralized sccial-
network routing algorithm, there hasbeensigni cant work on other algorithms aswell. Typically|
and in cortrast to CautiousGreed Yy, which still usesonly completely local information in con-
structing the path|these algorithms endow individuals with additional structural information
about the network, such as awarenessof friend's friends (e.g., [9,17,19,20,24]). Other studies
of the navigability of social networks and, in particular, good local-information algorithms for
navigation have beenperformed, largely focusing on simulations and empirical studies of real net-
works (e.g., [3,5,23,25]). There hasalsobeenrecen relevant work in metric embeddingsin which
the underlying metric spacecan be simpli ed without large distortion of distancesbetweennodes
that are close together [1] and in designing peer-to-peer systems where node distributions are
nonuniform in keyspace[11].

2 Depth of Field in Metric Spaces

Considera metric spaceM = hX;di. For corvenience,throughout the paper we scaleevery metric
spacesothat minygy d(x;y) = 1. We rst mertion a few standard notions that we usethroughout:

Let := maxyyox d(x;y) denotethe asgect ratio of the metric space.

Let B, (x) := fy :d(x;y) < rg denote the open radius-r ball around x 2 X.

Let denotethe doubling dimension of the metric space: is the smallest value suc that,
for every r > 0, every setY X of radius 2r can be covered by at most 2 subsetsof X,
ead of radius r.

We will needto dewvelop a notion that quanti es the following intuition: if a point s is far away from
a point t, then making a small step closerto t from s should bring one closerto points neart as
well. We will de ne the depthof eld of the metric spaceto quartify the notion of \near t." (Our
use of this term is inspired by the sameterm in photography: for a camerafocusedon a point t,
\depth of eld" refersto the range of points around t that are alsoin focus. A large depth of eld

meansthat many points neart are alsoin focus.) Let r > 0 denotethe largest radius sothat some
point u is on a shortest path from s to every point in the ball B,(t). The farther apart s and t
are, the larger one would expect r to be; thus, we will be concernedwith the ratio betweenr and
d(s;t).

De nition 2.1 (Depth of eld). For arbitrary points s;t;u 2 X with s 2 ft; ug, de ne r(s;t)
as the maximum value such that

8z2 X d(z;t) < ry(s;t) =) d(s;z) = d(s;u) + d(u; 2):

We de ne the depth of eld of sandt as (s;t) := maxygsru(s;t)=d(s;t). The depth of eld of
the metric smpee M is (M) = ming: (S;t).

Lemma 2.2. For any metric sppce M , wehaveO< (M) 1.
Proof. Consider arbitrary distinct s;t. For suciently small r, the ball B,(t) is just ftg. So

ri(s;t) > 0, and (s;t) > 0. On the other hand, we have s 2 B, (t) for r > d(s;t). Thus
ru(s;t) d(s;t) for every u. Thus0O< (s;t) 1. O



One can give similar intuitiv e descriptions of the depth of eld and the doubling dimension of a
metric space:they both aim to quarntify the number of distinct directions emanating from a point
in the metric space. Howewer, they measure\number of distinct directions” in dierent ways.
Informally, doubling dimension counts something like the number of directions one can go from s;
depth of eld counts somethinglike the \width" of the narrowest of these directions.

Denote depth of eld and doubling dimensionby and , respectively. In what follows, we will
nd algorithms whoserunning times depend exponertially on and 1=, sowe are most interested
in metric spaceswhere both and 1= are bounded. To clarify the relationship between these
guartities, we note metric spaceswhere one or the other or both of these quartities is/are small:

a k-dimensional grid under Manhattan distancehas = 1=kand = ( k).

a 2-by-n grid under Euclidean distancehas = 1=nand = (1).

a metric spacein which distancesare given by shortest paths in an n-node star graph (a tree
with n 1leaves)has = l1and = logn.

3 Social Networks, Rank-based Friendship, and Routing Algo-
rithms

A scial network is a directed graph hP; Ei, where a node represetts a personand an edgedenotes
a friendship betweenits endpoints. Let ( u) denotethe friends of u 2 P. Our generalframework
consists of some attributes of the peoplein P, with friendships derived in someway from these
attributes. (We useterminology suggestive of a geographicinterpretation, but other attributes are
equally valid in this setting.) The attributes will be globally known to all people,but the friendships
will be known only to the peopleinvolved. As a formal encading of this framework, we consider
the following structures throughout:

a nite setL of points;

adistance metric d:L L ! R ©on the points (soh_; di is a metric space);
a nite setP of people; and

a location function loc: P ! L sothat loc(u) is the point whereu 2 P lives.

We will permit oursehesto write an elemert u of P in contexts wherean elemern of L is expected,
with the understanding that u is ﬁhorthand for loc(u). For > 2 L or L® L, let pop() := jfu 2
P :loc(u) = “gj and pop(LY := <o 0pop(") denote the population of a point or set of points.
Write n ;= pop(L) = jPj for the total population. We will alsoimposea condition called neightor
connectivity [16]on the social networks that we consider. For every p;q 2 P with loc(q) 6 loc(p), we
require that p have a friend in somelocation * suc that d(loc(p); )+ d(’; loc(q)) = d(loc(p); loc(q)).
(Formally, if Gq is the minimal graph on L where shortest paths correspond to the metric d, then
p must have a friend in every neighbor of loc(p) in G4.) Among other things, this guaraneesthat,
for peoples;t 2 P with loc(s) 6 loc(t), persons hasa friend u with d(s;t) > d(u;t).

3.1 Rank-based Friendships

For two peopleu;v 2 P, the rank of v with respect to u is the number of peoplew 2 P who are
closerto u than v, sorank,(v) := jfw2 P :d(u;w) < d(u;v)gj. For concretenesswe will specify
that rank,(u) := 1 for every personu 2 P. Ties in distance are broken using a canonical ordering



rank,(v) = i. A rank-tasal friendship for a personu 2 P is one generatedas follows: a friend v is
chosenrandomly for u accordingto the probability distribution Pr[u links to v]/ 1=rank,(v). Let
Hn = (log n) denotethe nth harmonic number. By normalization, we have the following:

Pr[a rank-basedlink from uisu! v]= 1=H, rank,(v)): Q)

We endowv ead person with 1 rank-based friendship, chosenaccording to (1), along with an
arbitrary set of local neighlwors satisfying neighbor connectivity.

3.2 Decentralized Routing Algorithms

Given source and target individuals s;t 2 P, arouting algorithm seeksa path = hug;uq;:::; uki
from s = ug to uk with loc(uy) = loc(t) in the graph hP; Ei. (We do not model routing within points
in this paper.) A decentralized algorithm computesthe next step uj+1 from the current personu;
without taking the ertire graph HP;Ei asinput: only the edgesin E incident to u; are available
to the algorithm. (Full information about L, d, P, and loc is available to the algorithm; thus, for
example, a persons can compute ry(s;t) for any u;t in the senseof Def. 2.1.) We focus on two
particular decernralized algorithms. Under the well-studied greedy algorithm, the current personu;
simply choosesher friend who is closestto t asthe next step in the path. We also introduce and
analyze the cautious-greedy algorithm, which is a consenative variant of Greed y that refusesto
take long jumps that do not make signi cant progress(speci cally, by halving the distance) to the
target, instead opting for a \safe" local link.
CautiousGreed y(s;t):

(halving step.) Let u = argming, ( g d(u;t). If d(u;t) d(z;t), forward to u.

(nonhalving step.) Else forward to argmax,, ( g)ru(s;t) in the senseof Def. 2.1.

Lemma 3.1. Supmse the network is neighlor connected and let  be the depth of eld of h_; di.
If CautiousGreed Yy(s;t) takesa nonhalving step from s to w, then d(s;z) = d(s;w) + d(w; z) for

every z suchthat d(z;t) <  d(s;t). O
Proof. Let v be the personsothat r, (s;t) is maximized, so that (s;t) = ry (s;1)=d(s;t)
and, for every z such that d(z;t) < ry (s;t), we have

d(s;z) = d(s;v ) + d(v ;2): (2)

Let G4 denote the minimal graph where shortest paths correspond to the metric d, and let g(S)
denotethe neighbors of s in Gg4. By de nition of neighbor connectivity, there is a local link from s
to every neighbor of s in Gq. In particular, thereis alink from sto au 2 g(s) sothat

d(s;v ) = d(s;u) + d(u;v ); 3)

becauseshortest paths in Gy correspond to distancesunder d. We claim, then, that r(s;t)
rv (s;t). For every z such that d(z;t) < ry (s;t):

d(s;z) = d(s;v ) + d(v ;2) by (2)
= d(s;u) + d(u;v ) + d(v ;2) by (3)
d(s;u) + d(u; z) d(u;v )+ d(v ;z) d(u;z) by triangle inequality

d(s;z): d(s;u) + d(u;z) d(s;z) by triangle inequality



Becaused(s;z) d(s;u) + d(u;z) d(s;z) for every z such that d(z;t) < ry (s;t), wein fact have
that d(s;z) = d(s;u) + d(u; z) for every suc z, and thereforer,(s;t) ry (s;t). By the assumption
of neighbor connectivity, then, persons hasa link to a personu with ry(s;t) ry (s;t) d(s;t).
Therefore the personw to whom s forwards must have ry(s;t)  ry(s;t) d(s;t). O

As a corollary, we note that both Greed y and CautiousGreed y make strict progresstowards
their targets in every step. Among other things, this fact guaranteesthat every personis encoun-
tered only onceby a run of the algorithm. Thus we can invoke the principle of deferred decisions
in our analysis (see[22]): we proceedas if the long-rangelinks of ead personare generatedonly
oncethe algorithm encourters that person.

4 An Upp er Bound for Cautious Greedy Routing

Consider xed L; d;P;loc as de ned previously. Let and , respectively, denote the depth of
eld and doubling dimension of the metric spaceh_; di. We will be interestedin the length of the
path found by CautiousGreed y(s;t), wheres 2 P is arbitrary andt 2 P is chosenuniformly
at random from the population. Most of our e ort will be focusedon analyzing the number of
stepsrequired to halve the distanceto the targetlor, more precisely to reac a personu sud that
d(u;t) < 2 1 from a sources whent is chosenrandomly from ft : d(s;t) < 2'g.

Halving the distance to the target

Fix a sourcepersons and someintegeri 2 Z 1. Let B := B,i(s) denote the ball of radius 2!
around s. It will turn out to be handy to x notation for D := B,i(s) fz:d(s;z) 2 !g, the
\donut" formed by removing the (closed) ball of radius 2 ! certered at s from B.

We will usea cover of B by a small (in terms of and 1= ) set of balls of radius 2! 2. This
radius is chosen carefully to ensurethe following: whenewer we take a nonhalving step towards
target t from a node u with d(u;t) 2' 1, we have stepped along a shortest path to every node in
the ball containing t that is included in the cover.

S
Lemma 4.1. ThereisasetQ B wheejQj (8=) and -,5B 3 2(°) B.

Proof sketch. By repeatedly applying the de nition of doubling dimension, we nd that we can
cover B with a set of at most 23*1092(1=) = (8=) balls of radius at most  2' 2 that cover B.
We let Q denotethe set of their certers. O

Throughout this section, x Q to denotethis set, sothat, for every u 2 B, there existsa point q2 Q
such that d(u;q) 2" 2 Write g(u) := argming, o d(q; u), and write C(u) := B\ B 5 2(q(u)).
Notice that u 2 C(u).

Lemma 4.2. Lett 2 B be arbitrary. Supmwse CautiousGreed y(s;t) arrives at node u with
d(u;t) > 2" 1. Letv 2 C(t) be arbitrary. Then Bav)(u) B.

Proof by induction on the number of stepstaken by CautiousGreed y(s;t). If no stepshave been
taken by CautiousGreed y(s;t), then the claim is trivial, becauseu = s and C(t) B. Oth-
erwise, suppose that u was reached by a step from a node w. Notice that ewvery step that
CautiousGreed y(s;t) has taken before reaching u must be nonhalving: otherwise, there was

7



a halving step from someu with d(s;t) d(u ;t) to a neighbor v with d(v ;t) d(u ;t)=2; but
then u would not satisfy the conditions of the lemma, asd(v ;t)  d(u ;t)=2  d(s;t)=2 21
Obsene that d(v;t) < 2" %

divit) d(viqt) + d(at;ty < ( 28 H+( 2= 2L

by the triangle inequality and the factthat v;t 2 C(t) B 4 2(q(t)) by the de nition of v and C(t).
We alsohave that d(w;t) > d(u;t) > 2' 1 by assumption. Therefore, becausewe took a nonhalving
step from w to u, Lemma 3.1 implies that d(w;v) = d(w;u) + d(u;v), becaused(v;t) < 2 1
implies d(v;t) < d(w;t). To complete the proof of the lemma, considera genericpoint x. We
shawv that x 2 Bgqv)(u) =) x2 B:

X 2 Bgquyy(u) () d(x;u) < d(u;v)
() dix;u) < d(w;v) d(w;u) (d(w; v) = d(w;u) + d(u; v) asabove)
=) d(x;w) < d(w;v) (d(x;w) d(x;u) + d(u;w) by the triangle inequality)
( ) X2 Bd(w;v)(W)
=) x2B (inductiv e hypothesis).

Thus Bgv)(u) B, asdesired. O

For an arbitrary targett 2 B, let X; be a random variable denoting the number of stepsthat
CautiousGreed y(s;t) takes before it reaches a person u with d(u;t) 2" 1. Note that, for
t2 B D, wehave X; = 0: the node s itself satis es the desired condition for u. Fort 2 D, it
su ces to reach anodeu 2 C(t): we have

du;t)  d(u;g(t) + d(qt);t)y < 20 2+ 20 2= 201 21

by the triangle inequality, the de nition of C(t) and q(t) and the fact that t 2 C(t), and Lemma?2.2.
Note CautiousGreed y(s;t) will take a halving stepto follow a link to any nodein C(t) if d(s;t) >
2 1 asd(u;t) < 2 2 < d(s;t)=2; thusit suces to compute the probability that a node hasa link
to C(t).

Lemma 4.3. Fort2 D, wehaveE[X;] Hp pop(B)=pop(C(t)).
Proof. SupposeCautiousGreed y hasgenerateda partial path to t and that u is the last node on
that path. If d(u;t) 2 1, wearedone,soconsideranodeu suc that 2' ' < d(u;t) d(s;t) 2,

asewery step of CautiousGreed y movescloserto the target t. The probability that a rank-based
link from sudch a node u goesinto C(t) is

1 X 1 _ pop(C(1))
Hn ranky(v) H, pop(B) Hn pop(B)

Prlu! C(t)] =
v2C(t)

(4)

v2C(1)

by (1) and Lemma 4.2. Thus at every step while CautiousGreed vy is farther than 21 1 from
the target, the probability of the current node having a rank-basedlink to C(t) is given by (4).
Thus the expected number of stepsuntil CautiousGreed Yy either reachesa point within distance
2 1 of t through nonhalving steps or reaches a personin C(t) via a halving step is no larger
than the expected waiting time for successn geometric random processwith successprobability
pop(C(t))=(Hn pop(B)). The claim follows. O



Lemma 4.4. Lett be a target chosenuniformly at random from B. Then the expected length of
CautiousGreed y(s;t) before it arrives at some node u with d(u;t) 2 1 is at mostjQj Hp,
where the expectation is taken both over the random construction of the network and over the
random choice of t.

Proof. Let X bearandom variable denoting the length of the path found by CautiousGreed y(s;t)
beforeit arrivesat a node u with d(u;t) 2 ! whent is drawn uniformly at random from B.
Then

E[X]= E[Xjt2D] Prit2Djt2 B]
+E[Xjt2B D] Prt2B Djt2B]
= E[Xjt2D] Pr[t 2#Djt 2 B] (t2 B D isdonein zerosteps)
X 1 op(D
= ElX] PoR(D)
2D pop(D)  pop(B)
X Hn pop(B) 1  pop(D)
Lemma 4.3
5 PORC() Pop(D) Ppop(B) ( )
X 1
= Hn C(t
op PONC(D)
X
= H, . % (sopccrgy IS Summedoncefor eath personin C(q))
q
= Hp jQj: O

Reaching the target

Lemma 4.4 establishesthat, for a xed sources and a xed i, the expected number of steps for
CautiousGreed y to get to within distance 2 1 of a target chosenuniformly at random from
the ball of radius 2' around s is small as long as jQj is small. By repeated invocations of this
lemma, we can establish a polylogarithmic upper bound on the expected length of the path found
by CautiousGreed v:

Theorem 4.5. Fix a neighlor-connected rank-basal sccial network with population size n, depth
of eld , doublingdimension , and aspect ratio . Let s be an arbitrary source person, and let
t be a target person chosenuniformly at random from the population. Then the expected length of
the CautiousGreed y(s;t) path from s to loc(t) is O(logn log (8=) ), wher the expectation
is taken over both the random construction of the network and the random choice of t.

Proof. Let Y,; bearandom variable that denotesthe number of peoplethat CautiousGreed y(u;t)
encourters beforeit reachesa personwithin distance2 ! of atarget t chosenuniformly at random
from B,i(u). For any u and i, by Lemma 4.4, we have E[Y,;j] [Qj Hn (8=) Hp. Choosea
target t uniformly at random from the population. For any u and any i, conditioned on d(u;t) < 2,
the target t is a uniformly chosenpersonfrom B,i(u). Thus, starting from any sourcenode u;,
conditioned on the distance to the target being at most 2/, the expected number of steps before
CautiousGreed y reades a node within distance 2 1 of the target is O(logn (8=) ). The
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total length of the CautiousGreed y(s;t) is at most the number of stepsrequired to reducethe
distance to the target from  down to 1=2|i.e., O(log ) iterations of this process.By linearity
of expectation and the above bound, the theorem follows. O

5 A Tight Lower Bound on Cautious Greedy

We have shawn that E[jCautiousGreed y(s;t)j] = O(log?n) in networks with constart doubling
dimension, constart depth of eld, and aspect ratio that is polynomial in the population size. In
this section, we exhibit a network with = (1), 1= = (1), and = n sud that the expected
length of the path CautiousGreed y(s;t) for a randomly chosent is (log 2n). Our results rely
heavily on a lower bound proven by Martel and Nguyen [20] on Greed y: in a k-dimensional
grid with Prju! v]/ d(u;v) X, for any source{target pair hs;ti with d(s;t) > cn, the expected
length of Greed y(s;t) is (log 2n), where a dependenceon the constart c is hidden by the ( ).
Becauserank-based link probabilities dier by only a constart factor from Pr[s! t]/ d(s;t) ¥
in uniform-p opulation grids [16], we needonly connect CautiousGreed vy to Greed y to derive a
lower bound.

Considera uniform-p opulation rank-basedsocial network R [} «o,m Wherethe underlying metric
spaceis a ring (that is, wetake L = f0;1;:::;ngand d(i;j) = min(ji jj;jj ij) and exactly
one person living at ead point). For a target persont, write gs(t) = E[jGreed y(s;t)j] and

cs(t) := E[jCautiousGreed y(s;t)j] to denote the expected length of the paths found by the two
algorithms to a particular target t. (Here the expectation is taken only over the random choicesof
the rank-basedfriendships.)

Lemma 5.1. In R} iomm » () if n=4 d(s®t) d(s;t), thengs(t) gs(t); and (i) if d(s;t) n=4,
then cg(t)  gs(t). O

(The proofs, both by induction on d(s;t), are omitted due to spaceconstraints; the proof of claim
(ii) relieson claim (i).)

Theorem 5.2. In R{,m » fOr any source s and a targett chosenuniformly at random from the

population, CautiousGreed y(s;t) has expected length (log ?n).

Proof. For any constart c 2 (0;1=4), there are ( n) peoplet with cn < d(s;t) n=4. Thus with
(1) probability, the random target t satises cn < d(s;t) n=4. For any suc target t, the
expected length of CautiousGreed y(s;t) satis es cs(t) gs(t) = (log ?n) by Lemma5.1(ii) and
the aforemernioned theorem of Martel and Nguyen [20], trivially adapted to handle the di erences
between the distance-basedand rank-based models, which can a ect probabilities by a constart
factor. For a constart fraction of the choicesof t, then, we havean (log ?n) bound on the expected
length of CautiousGreed y(s;t). O

6 Future Directions

We have shown that, in rank-basednetworks, cautious-greedyrouting performswell, in expectation
for a randomly chosentarget, aslong asthe underlying metric spacehas small aspect ratio, small
doubling dimension, and large depth of eld. In particular, we have been able to improve by a
O(log ) factor the results on Greed y [16]. But two natural questionsremain:
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Is the expected length of the path found by Greed y to a randomly chosentarget also short,
say O(log?n) in a (1)-dimensional grid under Manhattan distance? (Or can CautiousGreed
be much better than Greed y?)

Do either Greed y or CautiousGreed y achieve short paths|sa y of length O(log @ (n +
) f(; ))for an arbitrary target (in expectation only over the random construction of
the network)?

In fact, these questions appear to be intimately connected. In Sect. 1, we gave an example in
which Greed y appearsto hurt itself by taking a long-range link that brings it very closeto a
\distracting" point of high population, which attracts a large fraction of the rank-basedlinks from
peoplethat Greed y subsequetly encourters. But it is not too hard to seethat Greed y \escapes"
from the shadaw of a distracting point in polylog(n) steps,becausehere is a reasonableprobability
of increasingone's distance from the distraction by a factor of 3=2 at any step. Howewer, it is an
open question as to whether someadversarial construction of a set of distracting points of various
sizesmight causea particular target to be hard to read e cien tly. This question appearsto be
closely related to the question of whether the distracting points that Greed y may encourter in
fact substartially slow down its performance. (For example,a natural analogueto Lemma 4.2 does
not appearto hold for Greed y unlessthe ball B is expanded,aswasdonein previous analysis[16],
which had the carryover e ect of the extra logarithmic factor.)

It would also be interesting to better understand the role of the depth of eld of the metric
space.lt is known, for example,that for doubling dimension = ! (loglogn), there is no decerral-
ized routing algorithm that achieves polylogarithmic routing time for all pairs of nodes[10]. The
interaction between doubling dimension and depth of eld is an interesting direction for further
study|for example, is there a similar lower bound in networks with low doubling dimension but
very small depth of eld?
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