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Abstract

The syntenic distance between two genomesis given by the minimum number of fusions,
ssions, and translocations required to transform oneinto the other, ignoring the order of genes
within chromosomes.Computing this distanceis NP-hard. In the presern work, we give a tight
connection betweensyntenic distance and the incomplete gossipproblem a novel generalization
of the classicalgossipproblem. In this problem, there are n gossifers, ead with a unique piece
of initial information; they communicate by phone calls in which the two participants exchange
all their information. The goal is to minimize the total number of phone calls necessaryto
inform ead gossiger of his set of relevant gossipwhich he desiresto learn.

As an application of the connection between syntenic distance and incomplete gossip, we
derive an O(2°(n e ")) algorithm to exactly compute the syntenic distance betweentwo genomes
with at most n chromosomesead. Our algorithm requires O(n? + 20(dleg 4y time when this
distanceis d, improving the O(n? + Zo(dz)) running time of the best previous exact algorithm.

1 Intro duction

Recerily there has been considerableinterest in computational models measuringthe genetic dis-
tance between two species. Such models can be usedin the construction of trees of ewolutionary
history, or|if such a tree is known through other means|in estimating the rate of genomicewolu-
tion. These measuresare generally basedon a hypothesizedset of transformations that can alter
a genome;the distance betweenthe genomesof two speciesis then the minimum number of these
stepsnecessaryto transform oneinto the other.

In addition to local mutations like insertions, deletions, and substitutions in the DNA sequence,
a realistic distance measuremust accourt for non-local transformations that alter the placemen
of geneswithin or among chromosomes.Theserearrangemerts may include reversals which invert
the order of a section of a chromosome,and transpositions, which extract a segmen of a chromo-
someand reinsert it elsewherein the chromosome. The corresponding distance measures| reversal
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distance, transpsition distance, and the combined reversaland transposition distance|ha ve been
explored by the theoretical computer sciencecommunity [1, 2, 7, 9, 13, 14, 16, 24].

When comparing genomescontaining multiple chromosomes,one must consider transforma-
tions acting betweenchromosomesin addition to those acting within a single chromosome. These
transformations include ssions, in which one chromosomesplits into two, fusions, in which two
chromosomesmerge into one, and translacations, in which two chromosomesexdange contiguous
blocks (usually pre xes or su xes) of genes.

Initial mathematical investigations of multi-c hromosomaldistance functions consideredtranslo-
cations in isolation or combined only with reversals[18, 23], and disregardedfusionsand ssions.
This limits the model to pairs of specieswith the samenumber of chromosomes.Later researd [19]
extendedthe model to include fusionsand ssions.

1.1 Syntenic Distance

As de ned, all of the above models require gene order data for their computation. In biological
practice, this information canbedi cult to obtainjlw emay haveinformation about the assignment
of genesto chromosomesput not the order within them. Despite the recert progressin sequencing
the human genome[22], for example, the genomesof a vast majority of speciesare mostly unana-
lyzed; geneorder data for most specieswill remain unavailable throughout the foreseeableuture.
We would like to be able to compare genomesmeaningfully even without this data; much recert
biological researt is devoted to the investigation of this kind of relationship|e.g., [4, 36, 37].

Furthermore, evenif geneorder information is available, there is somebiological reasonto believe
that it may not be well-suited to usein genomicdistance calculations. A number of researters[29,
31, 34] have found evidenceof frequert (small-scale) reversalsin chromosomes;in the presenceof
such reversals, geneorder may be poorly presened even in closely related species,and thus any
order-basedmetric may be a poor estimate of genomicdistance.

Also, it does not necessarilymake senseto treat all of the basic transformations (reversals,
transpositions, translocations, ssions, and fusions) as equally \costly" in computing a distance
function [5, 12, 33]. If, e.g.,reversalsturn out to be extremely frequert, heavily weighting the rarer
interchromosomalrearrangemerts should give a better estimate of distance.

Motiv ated by thesetypesof obsenations, Ferretti, Nadeau, and Sanko proposeda more ab-
stract measureof genomic distance, known as syntenic distance [15]. (Two genesare syntenic if
they appear in the same chromosome.) Any information about the order of geneswithin chro-
mosomesis ignored; a chromosomeis then simply an unordered set of genes. A genomecan be
transformed by fusions, ssions, and translocations|i.e., exactly those transformations that alter
the assignmers of genesto chromosomes. Computing the syntenic distance between specieshas
been shown to be NP-complete, though there are e cien t 2-approximations [11, 15, 27]. Other
recert work has also explored someof the rich combinatorial structure of this model [25, 28, 30].

1.2 Incomplete Gossip

In the early 1970s,the following puzzle (popularized by Paul Erdes) was circulated among mathe-
maticians. There are n gossipers, ead of whom knows a unique piece of initial information. They
communicate by telephonecalls, and wheneer two speak they shareall the gossipthat they know.
The goalis to determine the minimum number of calls necessaryfor all of the participants to learn



all of the initial information. A number of researters have independertly proventhat 2n 4 calls
are necessaryand su cien t to achieve this goal [3, 6, 17, 21, 35].

A voluminous body of work followed theseinitial proofs, including a wide variety of extensions
and variations on this basic problem. (See [20] for a survey.) Most of this work focused on
modi cations to the communication model|e.g., allowing conferencecalls involving more than two
gossifers, or placing restrictions on who can talk to whom.

In this paper, we generalizethe gossipproblem in a di erent way, by allowing gossigersto have
interest in only a subset of the initial information. For ead gossiger i, supposethat there is a
set of relevant gossip S; that he wishesto learn. In the incomplete gossip problem the gossigers
communicate by phone calls as before, but the goal is now to minimize the total number of calls
necessarysothat ead gossiger i learnsall of his relevant gossipS;. We will formally intro duce the
incomplete gossipproblem in Section 4.

Incomplete gossipgeneralizesa number of previous variants in the gossipliterature. The com-
plete gossipproblem is simply the casein which all gossipers want to learn all information. The
broadasting problem is the casein which all participants only want to learn the single piece of in-
formation initially known to the originator. In the set-to-setgossiping (or set-to-setbroadasting)
problem [26, 32], we are given two (possibly intersecting) sets A and B of gossigers, and the goal
is to minimize the number of calls necessaryto inform all gossipersin A of all the gossipknown to
the members of B. This is the special caseof incomplete gossipwhen every a 2 A wishesto learn
the initial information of every b2 B.

Other variations on the gossipingproblem have somesimilarity to the incomplete gossipprob-
lem, but dier in the details. In the partial gossipingproblem [8, 32], eat participant wishesto
learn at leastk  n piecesof gossip,but doesnot carewhich k tidbits he learns. Brief consideration
has also beengiven to the situation in which eat gossiger initially knows se\eral piecesof gossip
(not necessarilydistinct from the initial information of the others) and everyone wishesto learn all
the information [10].

1.3 Our Results: Relating Gossip and Synteny

In the present work, we derive and explore a tight connection between syntenic distance and in-
complete gossip. Our main cortribution is this unexpectedtechnical link betweengenomicdistance
measuresand problems of information ow. The connectionto the incomplete gossipproblem|a
conceptually simpler problem|also vyields increasedcombinatorial insight into the syntenic dis-
tance problem. We also believe that the incomplete gossipproblem is interesting in its own right.
Finally, as an application of this connection, we derive a new gossip-basedexact algorithm for
syntenic distance. Our algorithm is a signi cant asymptotic improvemert over the best previous
algorithm.

1.3.1 Similarities between gossip and synteny

One can view the syntenic distance problem betweengenomesG, and & asfollows. Let the target
of a chromosomeC in G; denote the set of chromosomesof G, which sharea genewith C. Then
the goal for the syntenic distance problem is to exchange genesamong the chromosomesof G; so
that the target of eath chromosomebecomesa unigue single chromosomeof G,.

Under this target view, the analogy between incomplete gossip and syntenic distance is as
follows. Gossipersand information in the gossipproblem correspond, respectively, to chromosomes



of G; and chromosomesof G; in the syntenic distance problem; a sequencef phonecalls corresponds
to a sequenceof translocations, viewed in reversedorder. For the gossipproblem, we begin with n
unique piecesof initial knowledge and complete a seriesof phone calls to spreadthe information.
For the syntenic distance problem, we aim to complete a seriesof translocationsto mergetargets so
that every chromosomeof G; has a unique target chromosomein G,. A phonecall is in essencehe
reverseof a translocation: in a phone call, two gossipers take their information setsA and B and
exchangeinformation sothat both know A [ B; in a translocation, two chromosomeswith targets
contained in A[ B exdhangegenessothat they have targets A and B afterwards.

In previous work with Jon Kleinberg, we used this notion to establish a connection between
the syntenic diameter|the syntenic distance betweenthe two n-chromosomespeciesmaximally
di erent under the syntenic distance modelland the (complete) gossipproblem. We proved that
the number of calls necessaryfor the complete gossipproblem is exactly the syntenic diameter [25].
In the presert paper, we explore the relationship between gossip and the syntenic distance on
generalinstances,using the incomplete gossipproblem. Roughly, the relevant gossipS; for gossiper
i isthe target of the ith chromosomeof genomeG; ; aswe shall see,however, there are complications
in the analogy.

For easeof exposition, we will sometimesdenoteassetsthe chromosomesof G, and the gossigers,
and as elementsthe chromosomesof G, and the piecesof gossip.

1.3.2 Dierences between gossip and synteny

There are three major obstaclesto the equivalenceof incomplete gossipand translocation syntenic
distance: (1) whether the number of setsand number of elemens may di er, (2) monotonicity, and
(3) whether the setsare orderedwith respect to the elemerns. All three of thesehurdles are hidden
by properties of the particular instance that we consideredin [25].

Implicit in the gossipformulation is that the number of gossigersis the sameasthe number of
piecesof initial information. There is no such constraint in the syntenic distance problem, where
the number of chromosomesin G, and G, can dier arbitrarily . Accordingly, we introduce the
translacation syntenic distance, analogousto the translocation distancein the ordered case[18, 23],
in which fusionsand ssions are forbidden. This restricts us to the situation where G; and G have
the samenumber of chromosomes.(Furthermore, it is not clear how phone calls could be analogous
to fusionsand ssions, since such moveswould changethe number of gossigers.)

Incomplete gossipis monotonic in the sensethat if we add more relevant gossipfor gossiger i,
then we can only increasethe number of phone calls required to solve the instance. However, if we
increasethe target for a chromosomeC; in G, we cannot proveland, in fact, believe to be false|
the claim that the translocation syntenic distance will not decrease.We overcomethis di erence
by introducing a variant on the translocation syntenic distance which enforcesmonotonicity. We
prove that this variant is equivalent to the generalsyntenic distance, including fusionsand ssions.

The most troublesomedi erence betweenincomplete gossipand translocation syntenic distance
is that of the ordering of the sets. In the gossipproblem, there is a strict relationship betweenthe
gossiger i and the piece of information ijnamely , information i is exactly that piece of gossip
initially known by the ith gossiger. There is no sudh relationship betweenthe ith chromosomeof
G and the ith chromosomeof G: if two genomes\di er" only by the numbers assignedto ead
chromosome,then we want to report that the two speciesare identical. This di erence forcesus
into a brute force examination of all permuted orderings of the sets.



1.3.3 An impro ved exact algorithm for syntenic distance

We exploit the connectionbetweentranslocation syntenic distance and incomplete gossipto develop
an improved exact algorithm for the generalsyntenic distance problem. We rst handle the easier
casein which translocations are the only legal transformations, and then we add fusionsand ssions
to the model. Considertwo genomesG, and G with n and k chromosomes,respectively. When
the syntenic distance betweenG; and G, is d, our algorithm requires O(nk + 2°(41099)y time, which
improveson the O(nk + 20(d2)) running time of the best previous exact algorithm, of DasGupta et
al. [11]. (Recall that the syntenic distance problem is NP-complete.)

Intuitiv ely, the speed-upin our algorithm is derived from the following. The algorithm of Das-
Gupta et al. essetially enumeratesall possiblesequencesf transformations of length d, and cheds
whether any of these sequencedransform G, into G,. The vast majority of the time spert in this
algorithm is on translocations: for a translocation, we not only must selectthe input chromosomes,
but also for ead geneg in either input chromosomewe must specify which output chromosome
will contain g. In the gossip-basedapproad, we only needto selectwhich people participate in
ead call. Once we have selectedthe participants, both learn whatever new information the other
knows; there is no choice of di erent output sets.

2 Syntenic Distance

We rst formally introduce the syntenic distance model, and mertion a few of the properties that
we will needin the remainder of this work. For the purposesof this paper, a chromosomeis an
unordered set of genes and a genomeis an unordered collection of chromosomes. (We limit our
consideration to genomeswith no duplicated genes,though we do not forbid duplication in the
model; this simpli es the notation of the compact represertation, de ned below.) A genomecan
be transformed by any of the following operations:

afusion (S;T) ! U, in which two chromosomesS and T mergeinto a single chromosome
U, whereU = S[ T.

a ssion U ! (S;T), in which a chromosomeU splits into two chromosomesS and T, where
U=S[T.
a translacation (S;T) ! (S%T9, in which two chromosomesS and T exdhange arbitrary

subsetsof their genes,producing two new chromosomesS®and T® whereS[ T = S°[ T

We require these operations to take non-empty chromosomesas input, and produce non-empty
chromosomesas output. Fissions and translocations can causethe duplication of genes;e.g., the
move (f1g;f2g) ! (f1;2g;f2g) is a legal translocation.

De nition  2.1. The syntenic distance d(G;; G) between two genomesG, and & is the minimum
numkber of fusions, ssions, and translacations required to transform G; into G, ignoring all genes
that appear in only one of the two genomes.

T1;:::;Th. The compact representation of the instance [11, 15] is obtained as follows: for eadh
chromosomesS; and ead geneg 2 S;, replaceg by the indices of theschromosomesof T in which
it appears. That is, the ith chromosomeof S is replaced by SP° = gzsifj : g2 Tjg. Thus,in
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allows us to limit the number of genesto n (the number of chromosomesin the secondgenome)
while also consideringa more \uniform" target genomeT ©.
As an example of the compact represettation, considerthe following instance:

S = fajbg; (Chromosome1l)
fc;d;eg; (Chromosome?2)
ff;qg; (Chromosome 3)
fh;i;jg (Chromosome4)
T = fa;c;dg; (Chromosome1)
fb;e;f;g;hg; (Chromosome2)
fi; kg (Chromosome3):

In the compact represenation, we wish to transform the collection of setsf 1; 2g, f 1; 2g, f 29, f2; 3g
into the collection f 1g; f 2g; f 3g.
For the remainder of this paper, we will only considerinstancesin the compact represenation.

d(sS) = d(S;G);

We will use to denote a sequenceof fusions, ssions, and translocations, and we say that
solvesS if it transforms S into G,. Note that the setsof G, do not have to be produced in any
particular order. S

Wewrite Sv $for S= Sy;::::Spand §= 8,:::::8,,if, forall i, wehaeS § 'Si.
We will make use of the following known properties of the syntenic distance:

Theorem 2.3 (Canonicalization [11]). For any instance S, there is an optimal move sequen®
solving S in which all fusions precede all translacations precede all ssions.

Theorem 2.4 (Syntenic Monotonicit y [27]). For any instance S and any S°v S, we have
d(sy d(s).

In addition, we will use following obsenation of DasGupta et al. [11]: for any instance S =

3 Translo cation Syntenic Distance

We begin by restricting our attention to move sequenceghat consist solely of translocations. We
explore someof the properties of the translacation syntenic distance, and relate this measureand
a variant to the general syntenic distance. For this restricted model, we must limit ourseles to
instancesin which the number of elemers is equal to the number of sets.
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De nition  3.1. A collection of non-empty setsS = S1;:::;S, is squarei Si Si=11:::;ng.

Translocation-only move sequencegan only solve squareinstances;sincea translocation trans-
forms two non-empty setsinto two other non-empty sets, a sequenceof translocations cannot alter
the number of non-empty sets,asis required for instancesthat are not square. Note that any move
sequencesolving a squareinstance must corntain the samenumber of fusionsand ssions|the num-
ber of non-empty setsincreasesby one with a ssion and decreaseshy one with a fusion, and a
squareinstance initially contains exactly the right number of non-empty sets.

De nition  3.2. For squae S = S1;:::; Sy, let (S) be the translocation syntenic distance of S:

(S):= min jj

solves S

where contains only translacations.

Just asfor the syntenic distance, solvesS by transforming it into G, = f1g;:::;fng. We will
use to denote sequence®f translocations.

Prop osition 3.3. For all squae S, d(S) (9).
Proof. Any translocation move sequencas alsoa legal fusion- ssion-translocation move sequence.]

Wewould liketo show that fusionsand ssions never help in solving a squareinstance. However,
for example, the instance f1;2;3;4q, f1;2;3;4qg, f1,2;3;4q, f5;6;7g, f5;6;7g, f5;6;7g, f5;6;79
appearsto require 8 translocations if fusionsand ssions are forbidden, but can be solved with the
following 7 moves (1 fusion, 5 translocations, and 1 ssion):

(f1,2,3,49,f1,2,3;49) ! 1,2,3,4g
(f1,2,3,49,f1,2,3;49) ! (flg;f2;3;40)
(f2,3,40;15,6;,79) ! (f20;f3;4;5;6;70)
(f3,4,56,79:56,79) ! (f3g,f4,56;79)
(f4,5,6,79,15,6,79) ! (f4g,f5,6;79)
(f5,6,79,£5,6,79) ! (f5g;16,79)
f6;,79 ! (f6g;f70):

Fortunately, the following weaker statemert will su ce for our purposes:

Lemma 3.4. For all squae S, there exists w S suchthat d(S)  (9).

Proof. Let be an optimal canonical move sequencesolving S using the fewest possible fusions,
and let bethe number of fusionsin . We proceedby induction on

For = 0, the sequence contains only translocations. Therefore (S) | j = d(S) by the
optimalit y of
For 1, considerthe last fusion = (A;B) ! A[ B andthe rst ssionC[ D ! (C;D)

of . Note that sinceonly other fusions precede , the set A must consist of the union of some
number of original input sets. Let S; be one such set.



We dene %and SPasfollows. Add C[ D to the input setS;, and carry C[ D along with
the elemernts of S; untili . Instead of , we complete the translocation (A[ C[ D;B) !
(A[ B;C[ D). Therefore 9;:::; © applied to S°yields exactly the samesetsas 1;:::;
applied to S, exceptthat the former producesan additional setC[ D.

We duplicate exactly the translocation phaseof in © ignoring the presenceof the extra set
C[ D. The result of these moves of Oon SYis identical to the result of these movesof on S,
again except for the extra C[ D. Now in placeof the ssion C[ D ! (C;D), we can complete
the translocation (C[ D;C[ D) ! (C;D). Now the resulting instancesare exactly identical. Let
the remainder of 9match that of . Thus °solvesS%andj §=j j.

We have producedan instance S°w S, where S®is solved by a move sequence °cortaining 1

fusionsand j j total moves. Note that j j=j § d(S9 d(S) = j j by syntenic monotonicity,
sod(S9 = d(S). By the induction hypothesis, there is an instance 8 w S®sothat ()  d(S9.
Therefore $w S°w S and (9) d(S9Y = d(S). O

With a monotonicity property for translocation syntenic distance|that is, (S) (@) when-
ever S v @|this lemma would imply (S) = d(S). Unfortunately, we are unable to prove this
property, and, in fact, believe that it is false. This situation inspiresthe de nition of a variant on
translocation syntenic distance with enforced monotonicity:

De nition  3.5. For a squae instance S the expandedtranslocation syntenic distance (S) is
S) = mi SY:
(S):= min (S

Prop osition 3.6. For any squae instance S and any §w S, we have  (S) o (9.

Proof. Immediate from the de nition of (S). O

We can now prove the equality of expandedtranslocation syntenic distance and syntenic dis-
tance.

Theorem 3.7. If S is squarethen (S) = d(S).
Proof. By Proposition 3.3 and syntenic monotonicity,

(S) = min (S) min d(SY = d(S):
For the other direction, let  w S be such that d(s) (@) according to Lemma 3.4. Then
as) (9 (S) by Proposition 3.6. O
4 Incomplete Gossip and the Translo cation Syntenic Distance

Formally, the (complete) gossipproblem s as follows. We are given a number n of gossipers, where
gossiper i initially knows a unique piece of information i. Any two gossipers can communicate via
a phonecall, during which the two participants ead tell the other all of the information that they
know at the time. We seeka minimum-length sequence of phone calls so that every gossiger
learns all the information f1;:::;ng.



We will say that a sequence of phonecallsspreads S = S1;:::;S, if, after is complete,eath
gossiger i haslearned 8 s, and exactly spreads S if every gossiper i haslearned exactly 8=35.

De nition  4.1. For a squae instance S = Sy;:::; Sy, the incomplete gossipnumber (S) is
S) = min j j:
( ) spreadsSJ J

S
Note that this quantity is de ned only when ;S; = f1;:::;ng|that is, we insist that eadh
initial piece of information is interesting to somegossiper (possibly the samegossipger who knows
it initially), and that no gossiper wants to learn anything other than what the other participants

know.

Prop osition 4.2 (Gossip Monotonicit y). For any squae S, if Sv S%then (S) (S9.
Proof. Every call sequence that spreadsS° also spreadssS. O]

We now relate the incomplete gossipproblem to the (expanded)translocation syntenic distance.
First we needto introduce somenotation.

Suppose is a sequenceof translocations solving squareS = S;;:::;S,. Let §; S]' denote
the contents of the ith set after the rst t translocations of have beenapplied to S. Initially ,
S[; SI° = Si. The (t + 1)th translocation in is betweenS[; S} and S ; S]§,, for somex andy,
and producestwo non-empty setsA and B, whereA[ B = §; S|} [ [; S]§,. De ne

; Sl A
S[; S]t+1 = B
S; St = g SiE foralli 6%x; yg:

Let be a call sequence.Let K[ ]t denote the set of all piecesof gossipthat personi knows
after the rst t callsof . ThusK[ ] = figfor any personi and any call sequence . If the (t+ 1)th
phonecall in is betweengossigers p and g, then

KL = KIIFY = KILL KL
and K[ 11 = K[ ] for all i 62 p;qg.
Lemma 4.3. Let S be squae. Then (S) (9).

Proof. Let optimally spreadS = Si;::::Sn, and let § = 8;;::::8,, where gossifer i actually
learns 8 S after . Note that Sv $ and that exactly spreads@. By gossip monotonicity

and the fact that there exists a call sequenceoptimally spreading$S that also spreads@, we have
(S) = (¥). Wewill show:

() If exactly spreads®= 8;;::::8, andK[ 1= § thenj j (¥).



This provesthe theorembecause (S)= () =jj (9 (S) by Proposition 3.6.

We prove ( ) by induction onj j, implicitly constructing a sequenceofj | translocations solving
8. For the base casej j = 0, we must have 8 fig becauseno information is exchanged and
] fig sincegossigeri initially knowsinformation i and exactly spreads@. Therefore (@) = 0.

For the inductive casej j 1, supposethe last call in is between gossigers p and g. Let
S0= sf;:::; S be the collection of setsjust beforethe last call of , i.e., S?= K[ } I'1 and let

O= 4;:115 ;1. Then Cexactly spreadsS® and we have K[ i 12 SO— K[ 9 Applylng the

inductiv e hypothesisgivesus (S9 j §=jj 1.

To completethe proof, it su ces to produce S°from $ with onetranslocation. De ne the input
setsto be 8, = K[ [, and 85 = K[ J4', and the output setsto beS3 = K[ 1,' *ands= K[ T, *.
This is a legal translocation by the de nition of a phone call:

KIBIKL R = KR = K
= KIB UK Y
and, for all i 62 p;qg, wehave § = K[ 1= K[ ! 1= S0 O

Note that it is possiblefor (S) to be strictly greaterthan (S): considerthe instance S =
S1;:::;S, whereS; = f(i + 1) mod ng. Then (S) = (S) = 0 becauseeadt of the singletons
flg;:::;fng appears exactly oncein the n sets. Howewver, (S) = n 1llalthough ead person
only caresabout one piece of gossip, it is unfortunately not the piece of gossipthat he initially
possessesHowewer, under a relatively weak assumption, we can shov something akin to the other
direction:

Lemma 4.4. Supmsethere existsa translacation seqguen® solvingS = Sy;:::; Sy suchthat after
, wehaveS; = fig. Then (S) | j.

Proof. Supposewe have a sequence of translocations solving S. We construct a sequence of
j ] phone calls, in the processde ning the setsK[ ]!. In our construction, we will maintain the
following property:

(y) Foreah1l i nand0 t jjwehaveK[}'"' o;SJ.
We will prove this property holds by induction onj j t, together with our construction of the
phone calls N
For the basecaset = j j, we have K[ 1° = fig= S[; S]} ’, for any
For the inductiv e case,supposethat we have de ned j j t phone calls, and (y) holds for all
i and all t° t. Now, supposethat the (t)th translocation in involvesthe sets §[; S]% ! and
S; S]§, L we de ne i j t+1 to be betweengossigersx and y. We must show that (y) now holds
fort 1. We have
KL ™ = KB 'LKE
S SIS Sl
SO

with a completely symmetric argumert holding for y. For i 62fx;yg, we have K[ ]{ bl

KLZ' " sssk=o st
This completesthe proof of (y). As a consequencewe have K[ I/ g; S]°= §;, and thus
has spreadS in j j phone calls. Ol
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The proof is virtually identical to the proof in [25]that (G,.,) 2n 4, where G, is the

that after the move sequence , we have S; = fig.

We are how in a position to state and prove the desiredresult connectingincomplete gossipand
syntenic distance. For S= Sp;:::;S,, write S =S ;:::;S | for apermutation of (1;:::;n).

n

Theorem 4.5. For any squae instance S = S;;:::; Sy, we haved(S) = min (S ).

Proof. For any permutation , wehaved(S) = d(S ) sincethe order of setsis irrelevant to syntenic
distance. Thusd(S) = d(S )= (S) (S ) by Theorem 3.7 and Lemma 4.3. Since was
arbitrary, d(S) min (S ).

For the other direction, note by Theorem 3.7we haved(S) = (S). Let S w S bean instance
such that (S) = (S ), whereS = S;;:::;S,. Let be an optimal translocation sequence
solving S , and let  be the permutation of (1;:::;n) sothat after , wehave S = fig. Let
S =8§5;;::5;8, ,whereS;, = S, and let be with the movesrelabeledin the sameway.
Since  was optimal for S and we have only changedthe order of the sets, (S )= (S) =
i i=17 |. By the denition of , is an optimal translocation sequencesolving S  so that
after , we have S, = fig. By Lemma 4.4, then, we have ] | (S ). Finally, by gossip
monotonicity (S ) (S ). In summary,

ds) = (8= ()= (S )=1] | (S ) (S):
Therefore d(S) (S) min (S). O

5 A Faster Algorithm for Syntenic Distance

As an application of Theorem 4.5, we give a gossip-basedexact algorithm to compute the syntenic
distance betweenspecieswith n and k chromosomesespectively. This new algorithm runs in time
O(nk + 20(dlogd)y for syntenic distanced|a signi cant asymptotic improvemert over the previous
best of O(nk + 2°(4)). We presert the algorithm in Figure 1.

5.1 Deciding Incomplete Gossip

The decision procedure decide-gossifis the obvious exponertial algorithm for decidingif (S) d
for a squareinstance S. We simply enumerate all sequence®f d calls amongn callers, and ched
it seeif any suc sequencesuccessfullyspreadss.

Lemma 5.1. For any squae instance S, the procedure decide-gossipeturns truei  (S) d.

Proof. The procedurereturns true i there is a call sequence of length d spreadingS. Obviously
if thereissuha wehave (S) d.If (S) d,thenthereisa of length d spreadingS: if ©
optimally spreadsS wherej § < d, then any extensionof °to d calls also spreadssS. O

Lemma 5.2. The procedure decide-gossipuns in O(dn2d*2) time.

Proof. Let G,q be the set of call sequenceof length d with né;ossipars. There are 2 dierent
d

choicesof callers for ead of the d calls. Thus we have jCh.qj = ~L; 5 < n?. We cansimulate a
single call in O(n) time, sowe can simulate any 2 G,q in O(dn). Testingif S w S can be done
trivially in O(n?) time, comparing elemer-by-elemen. Thus the total time for ead call sequence

is O(dn?), yielding O(dn?4*2) time for the procedure overall. O
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/I decideif (S) d, wher S is squae.

1. Let G,,q be the set of call sequencef length d with n gossipers.

2. Foreah 2 Gq:

(a) Simulate andlet S, bewhat gossiger i learns after

(b) Return trueif S w S.

3. Otherwise return false

/I decideif d(S) d, wher S is squae.

2

1

2.

(b) If decide-gossi{® ;d) then return true.

. Otherwise return false

Remove all lonely singletondan elemer b appearing only once,in a singleton f bg|from S.

Let S be the resulting instance, and let k and n be the number of setsand elemeris, respec-
tively, in S.

For all sequenced of k n fusions, let S' be the instance resulting from fusing the sets
speci ed in f, starting from S.

Seard sequetiially for the smallest 2 f0;:::;2n 2g so that, for some f,
decide-squee-syntenyS'; ).

Return + k n.

Figure 1: An gossip-basedalgorithm to exactly compute syntenic distance.
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5.2 Deciding the Syntenic Distance of Square Instances

We use the connection between gossip and synteny to build a decision procedure decide-squie-
syntenyfor the syntenic distance of a squareinstance S. Becauseof the di erences betweenthe two
problemswith respect to the corresppndencebetweenthe orderings of the setsand of the elemeris,
we usebrute force to examineall permutations of the sets.

Lemma 5.3. For any squak instance S, the procedure decide-squie-syntenyreturns truei d(S)
d.

Proof. By Theorem 4.5, we have d(S) = min (S ). The procedure decide-squie-syntenyreturns
truei wehave (S ) dforsome , by Lemmab.l. O

Lemma 5.4. The procedure decide-squee-syntenyrequires O(n!dn24+2) time.

requires O(dn?4*2) time by Lemma 5.2. O

5.3 Computing Syntenic Distance

In syntenic-distancewe use decide-squee-syntenyto compute the actual syntenic distance of an
instance S, where S is arbitrary (i.e., not necessarilysquare). First, however, we do some prepro-
cessingbasedon the results of DasGupta §t al. [11].

For an instance S = Sg;:::;S¢ and ;S = f1;:::;ng, the dual of S is the insgance SO =
Sf;:::; SR, wherej 2 SPi 12 S, Call asetS; alonely singletoni S; = fbgandb2 ~ ¢, Sj.

Lemma 5.5 (Dualit y [11]). For any instance S with dual S® we haved(S) = d(S9.

Lemma 5.6 (Lonely Singleton Removal [11]). Let T be an instance with a lonely singleton
Ti = fbg. Let S be the instance obtained by removing the elementb and the set T; from T. Then
d(T) = d(S).

Thuswe canlimit ourselvesto the casewherek njotherwise we considerthe dual instance|
and there are no lonely singletons. We can compute the dual and remove all lonely singletonsin
O(nk) time.

Theorem 5.7. The procedure syntenic-distanceomputesd(S).

Proof. Note that, by duality, considering the dual instance does not change the distance. Also
note that removing the lonely singletonsdoesnot alter the distance, by Lemma 5.6. Therefore we
presumethat k n and that there are no lonely singletons.

For a sequencd ofn  k fusions,write S’ to denotethe instanceresulting from the application
of f to S. By Lemma 5.3 (and the obsenation that 2n 2 movessu ce to solve any S'), we have
= min; d(S"). After any sequence of k n fusions, the resulting instance S' is square. Let f
be a fusion sequencefor which = d(Sf). Doing f followed by an optimal move sequencefor Sf

solvesS,sod(S) k n+d(Sf )=k n+

For the other direction, it su ces to identify afusionsequencd suchthat d(S) = k n+d(S")
k n+min;f d(S") = k n+ . In any move sequencehat solvesS, we must decreasethe number
of setsfrom k to n, which requiresk n fusions. Let be an optimal canonical move sequence
solving S, and let f denotethe rst k n fusionsin . Let S’ be the instance resulting from
completing them. Since was presumedto be optimal, we have d(S) = k n+ d(S). Ol
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We turn to the running time, after noting the following fact:

Proof. A move sequence can only touch at most 2j j input sets, since ead fusion, ssion, and

translocation takesno more than two setsasinput. Sinced(S) < k=2, an optimal move sequence
touchesfewer than k input sets,leaving at least one set S; unaltered by . If the untouched set

Si were not a lonely singleton, then  would not solve S. Ol

This is the motivation for the removal of lonely singletons: repeatedly doing so results in an
instance where the distanceis on the order of the number of chromosomes.

S
Theorem 5.9. For any S = S;;:::;S¢ with S = f1;:::;ng and d(S) = d, the procedure

syntenic-distancerequires O(nk + 2(k*2d+3) logky time. This is O(nk + 2k Dlogky and O(nk +
2(4d+3) log 2d).

Proof. After the preprocessingsteps,we have that k n and there are no lonely singletons. This

preprocessingrequires O(nk) time. We now considerthe running time of steps 3{5.
k i+l

First we count the number of sequencef fusions. There abe 5~ choicesof setsto involve
in the ith fusion, and k n total fusions. Therefore there are = 1_," * 1 IR G
fusion sequences .

Letk n+ =d, sothat = mins d(S"). Werun iterations of the sequetial seard; by

Lemma 5.4, the time to completeiteration i is O(n!in2*2) time. This is asymptotically dominated
by the last iteration, sothe total time is O(n! n? *2).
Thus the total running time is at most O(k% 2" n! n?*2). Sincek nandk! kK, this is

0] k2k 2n n! n2 +2 = 0 kk+2( +k n)+2 = 0 kk+2d+3

since d 2k 2. This is O(2(k+2d+3) logky
For the other versionsof the bounds, we needonly notethat d 2k 2 andthat by Lemma5.8
we can remove lonely singletonsuntil 2d k. O

6 Conclusion

In this paper, we have de ned the incomplete gossipproblem|a novel generalizationof the classical
gossip problemjand shawn a tight relationship between it and the syntenic distance between
genomes.We believe that incomplete gossipis an interesting problem in its own right, and there
are a number of open questionsabout it. No complexity results are known, and our exact algorithm
for incomplete gossipis completely naive; there may be far more e cien t solutions.

Using this connection, we have preseried a faster exact algorithm for the syntenic distance
problem, though it is admittedly practical only for very closely-related species. Whether we can
further speed this computation|b y re ning the techniques preseried here, or using some other
approad|is an open question.

One possible approach to improving this algorithm is based on the component bound [11].
Considerthe intersection graph G of the k chromosomesof an instance S with n elemerns, say with
n k. Each move canonly increasethe number of componerts of G by one, and we must end with
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n componens; thusd(S) n pwherethere are p componerts in G. For valuesof d that are only
slightly larger than n  p, the only move sequenceghat could possibly solve S in d moves must
increasethe number of componernts by onein almost every move. Sud splitting moves must be
ssions or translocations betweensetsin the samecomponert of G, which can dramatically limit
the number of possiblemoves. (For example,testing if d= n pis equivalent to testing if there are
n p consecutie splitting moves;sincesplitting movesare always within componerts, we can run
our exhaustive algorithm only within ead componert.) Thus the set of d-move sequencegpossibly
solving S may be much smaller than the set we consideredin our algorithm.

There are several known polynomial-time 2-appraximations for the syntenic distance problem.
Approximating syntenic distanceto within a factor better than 2 appearsto be di cult, though no
inapproximabilit y results are known. We hope that this connection betweensyntenic distance and
incomplete gossipmay help to shedlight on the problem of approximating syntenic distance, and,
more generally, on a variety of questionsin the areasof genomerearrangemerts and information
oW.
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